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This book contains solutions to all problems in "Calculus 


M 


except for those which are solved in the hack of the text 
itself. The answers were written during a (very unpleasant) 
two-month period and there are hound to he, aside from a 
generous sprinkling of misprints, errors of a more substantial 
kind. Computational errors, at least, should not he hard to 
spot, since most computations are worked out in considerable 
detail. Greater difficulties will he encountered in the case 
of proofs, especially since they have been presented with a 
conciseness somewhat at variance with the style of the text. 
Considerations of space alone did not suggest this—answer 
books should always he used only as a last resort, and it is 
often easier to construct a proof on one's own than to read 
someone else f s. In some of the later chapters a few mistakes 
in the original problems were discovered, too late to he 
rectified, as these answers were being written; the solutions 
will, I trust, reveal any mistakes which might escape the 
reader. 
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CHAPTER 1 


1. (ii) (x - y)(x + y) = [x + (-y)](x + y) = x(x + y) + (-y)(x + y) 

2 2 

= x(x + y) - [y(x + y)] = x + xy - [yx + y ] 

2 2 2 2 
= x + xy - xy - y =x - y . 

2 2 2 2 2 2 

(iv) (x - y)(x + xy + y ) = x(x + xy + y ) - [y(x + xy + y )] 

op 2 p p o o o 

= x + x y + xy - {yx + xy + y ] = x - y . 

, x , x , n-1 n-2 n-2 n-l s 

(v) (x - y)(x + x y + ... + xy + y ) 

, n-1 , n-2 , , n-2 , n-1. 

= x( x +x y + ... + xy +y ) 


r , n-1 . n-2 

- [y(x + x y + . 


n-2 n-l N n 
+ xy + y ) ] 


= x n + x n ~^y + ... + x^y n ~^ + xy 1 *" 1 

r n-1 n-2 2 n-1 n, n n 

-lx y + x y + ..• + xy + y J = x - y . 

(Using the notation of Chapter 2, this proof can be written as follows 


n-1 . . . n-1 . „ . n-1 . . . 

(x - y) • 2 x J y n " 1_J = x( 2 x J y n ' 1 " J ) - [y( 2 x°y n " 1-J )] 

0=0 j =0 j =0 

n-2 ... . . n-1 . . 

. x n + 2 x^V- 1 ^ - [ 2 x J y n - J + y n J 

0=0 0=1 


n-2 


n o‘+l n-1-j .k+1 n-(k+l) n. 

= x + 2 x y - [ 2 x y v ' + y ] 

0=0 k=0 


(letting k = j - 1) 


x n - y n . 


1 
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CHAPTER 1 


A formal proof requires such a scheme, in which the expression 
(x n_1 + x n_2 y + ... + xy 11-2 + y n-1 ) is replaced by the inductively 

defined symbol 2 x^y n-1-J '. Along the way we have used several 

J=0 

other manipulations which can, if necessary, be justified by inductive 
arguments.) 


3. (iv) (a/b)(c/d) = (ab -1 )(cd _1 ) = (ac)(b" 1 d' 1 ) = (ac)(bd) _1 (by (iii)) 
= (ac)/(bd). 


4. (ii) All x. 

(iv) x > 3 or x < 1. 

(vi) x > [-1 + -/ 5]/2 or x < (-1 - -/5]/2. 

(viii) All-x, since x 2 + x + 1 = [x + (1/2)] 2 + 3/4. 
(x) x > */2 or x < */ 2 . 

(xii) x < 1. 

(xiv) x > 1 or x < -1. 


5. (ii) b - a is in P, so -a - (-b) is in P. 

(iv) b - a is in P and c is in P, so c(b - a) = be - ac is in P. 

(vi) IT a > 1, then a > 0, so a 2 > a*l, by part (iv). 

(viii) If a = 0 or c = 0, then ac = 0, but bd > 0, so ac < bd. Otherwise we 

have ac < be < bd by applying part (iv) twice. 
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(x) If a < b were false, then either a = b or a > b. But if a = b, then 
a 2 = b 2 , and if a > b > 0, then a 2 > b 2 , by part (ix). 

6. If a < b, then 

a + a .a+b ,b+b 

a = 2 < 2 < 2 = b* 

If 0 < a < b, then a 2 < ab by Problem 5(iv), so a < Vab by Problem 5(x). 

2 

Moreover, (a - b) >0, so 

2 2 

a + b > 2ab, 
a 2 + 2ab + b 2 > 4ab, 

(a + b) 2 > 4ab, 

so a + b >2 Vab. 

7. (a) If x > 0 and y < 0, then x n > 0 and y 11 < 0 (since n is odd), and 

similarly if x < 0 and y > 0; so neither alternative holds if x n = y n . 
Moreover, if x n = y 11 and x,y < 0, then (-x) n = (-y) n j so if the asser¬ 
tion is true for positive numbers, then -x = -y, and consequently 
x = y. Thus it suffices to consider only x,y >0. In this case, 
x < y implies x n < y n , and similarly for y < x, so neither alternative 
can hold. 

(b) If x,y > 0 or x,y < 0, then x = y, as in part (a). If x < 0 and y > 0, 
then (-x) n = y n , since n is even, so -x = y; similarly if x > 0 and 


y < 0. 
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CHAPTER 1 


8. Two applications of P'12 show that if a < b and c < d, then 

a + c<b + c<b + d, so a + c < b + d by P'll. In particular, if 0 < b 
and 0 < d, then 0 < b + d, which proves Pll. It follows, in addition, that 
if a < 0, then -a > 0; for if -a < 0 were true, then 0 = a + (-a) <0, con¬ 
tradicting P'10. Consequently, any number a satisfies precisely one of the 
conditions a=0, a>0, a<0, the last being equivalent to -a >0. This 
proves P10. Finally, P'13 shows that if 0 < a and 0 < c, then 0 < ac, which 
proves P12. 

9. (ii) |a| + |b| - |a + b|. 

2 2 
(iv) x - 2xy + y . 

10. (ii) x - 1 if x > 1; 

1-x if 0 < x < 1; 

1+x if -1 < x < 0; 

-1-x if x < -1. 

(iv) a if a > 0; 

3a if a < 0. 

11. (ii) -5 < x < 11. 

(iv) x < 1 or x > 2 (the distance from x to 1 plus the distance from x to 2 
equals 1 precisely when 1 < x < 2). 
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(vi) No x. 

(viii) If x > 1 or x < -2, then the condition becomes (x - l)(x - 2) = 3, or 
x^ + x - 5 = 0, for which the solutions are (-1 + V5i)/2 and 
(-1 - V5l)/2. Since the first is > 1 and the second is < -2, both 
are solutions to |x - 11•|x + 21 = 3. For -2 < x < 1 the condition 
becomes (1 - x)(x - 2) = 3 or x^ + x + 1 = 0, which has no solutions. 

12. (ii) |l/x|*|x| = |(l/x)*x| (by (i)) = |l| = 1, so |l/x| = l/|x|. 

(iv) lx - y| = |x + (-y)| _< |x| + |-y| = |x| + |y|. 

(vi) Interchanging x and y in part (v) gives |y| - |x| < |x-y|. Com¬ 
bining this with part (v) yields |(|x| - |y|)| < |x - y|. 

13. If x < y, then |y — x| =y-x, so x + y + |y-x| =x+y+y-x= 2y, 
which is 2 max(x, y) . Interchanging x and y proves the formula when x > y, 
and the same type of argument works for min(x, y). Also, 

x + y + z + ly - z > + jy_ ± z + Jy - z l . x( 

max(x, y, z) = max(x, max(y, z)) = -----—- 

= ly - z| + y + z + 2x -f jy + z + |y - z| - 2x| 

4 

14. (a) If a > 0, then |a| = a = - (-a) = |-a|, since -a < 0. The equality 

is proved for a < 0 by replacing a by -a % 
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(b) If |a| < b, then clearly b > 0. Now |a| < b means that a £ b if 

a > 0, and surely a < b if a < 0. Similarly, |a| < b means -a < b, 
and hence -b < a, if a < 0, and surely -b < a if a > 0. So -b < a < b. 

Conversely, if -b < a < b, then |a| = a < b if a > 0, while 
I a| » -a < b if a < 0. 

(c) Prom —|a| < a < |a| and -|b| < b < |b| it follows that 

-(|a| + |b|) < a + b < |a| + |b|, 
so |a + b| < |a| + |b|. 


15. (a) If x 2 + xy + y 2 = 0, then x 3 - y 3 = (x - y)(x 2 + xy + y 2 ) = 0, so 

x = y. But in this case, x 2 + xy + y 2 = 3x 2 ^ 0, since x / 0, a con¬ 
tradiction. The other inequality is proved similarly. 


From the known, and the assumed, inequalities 

o 2 . 

x + 2xy + y >0, 

p p 

X + xy + y <0, 

it follows, by subtracting, that xy > 0. But this implies that 
x 2 + xy + y 2 >0, contradicting the original assumption. 


(c) 


4x 2 + 8xy + 4y 2 > 0, 
4x 2 + 6xy + 4y 2 < 0, 


From 
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it would follow that 2xy > 0, contradicting the assumed inequality, as 
in part (a). The other inequality is handled similarly. 

(d) Prom 

h h q 2 2 *3 4 

(x + y) = x + 4x J y + 6x y + 4xy + y >0, 

4 3 2 2 3 4 

x + x y + xy + xy +y <0, 

it follows that 

0 < 3x 3 y + 5x 2 y 2 + 3xy 3 = xy(3x 2 + 5xy + 3y 2 ). 

If x and y are not both 0, then the expression in parentheses is 

positive, by part (c), so xy >0, so x and y have the same sign. 

But this implies that 

4 3 2 2 1 4 

x + x J y + x y + xy J + y >0, 

a contradiction. 

16. (a) If 

2 2 2 2 2 
x + y =(x+y) = x + 2xy + y , 

then xy = 0, so x = 0 or y = 0. If 

x 3 + y 3 = (x + y) 3 = x 3 + 3x 2 y + 3xy 2 + y 3 . 


then 3xy(x + y) =0, so x - 0 or y = 0 or x = -y. 
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CHAPTER 1 


(b) If 


+ y 21 = (x + y) 2 * = x^ + 4x 3 y + 6x 2 y 2 + 4xy 3 + y*, 


then 


0 = 4x 3 y + 6x 2 y 2 + 4xy 3 = xy(4x 2 + 6xy + 4y 2 ), 
so x = 0 or y = 0 by Problem 15(c). 


(c) If 


X 5 + y 5 = (x + y) 5 

c h op ? P Zl ^ 

= X- 3 + 5x y + lOx^y + lOx y J + 5xy + y , 


then 

4 3 p 2 3 4 

0 = 5x y + lOx^y + lOx y J + 5*y 

3 2 2 3 

= 5xy(x + 2x y + 2xy + y ), 

so xy = 0 or 

x 3 -i- 2x 2 y + 2xy 2 + y 3 =0. 

Subtracting this equation from 

3 3 2 2 3 

(x + y) = x : + 3x y + 3xy + y 

we obtain 

3 2 2 

(x + y) J = X y + xy = xy(x + y). 

2 

So either x+y=0or(x+y) =xy; the latter condition implies 
that x 2 + xy + y 2 = 0, so x = 0 or y = 0 by Problem 15(a). Thus 
x = 0 or y = 0 or x = -y. 
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17 . (a) is a straightforward check. 

(b) We have 

2 , b,2 , b*\ . b 

x + bx + c = (x + g) + (c - 7 j-) > c - -jj-, 

but c - b 2 /4 >0, so x 2 + bx + c > 0 for all x. 

2 2 ) 

(c) Apply part (b) with y for b and y for c: we have b - 4c 

= y 2 . 4y 2 < 0 for y / 0, so x 2 + xy + y 2 > 0 for all x, if y / 0 

(and surely x 2 + xy + y 2 > 0 for all x / 0 if y = 0). 

(d) a must satisfy (ay) 2 - ^y 2 < or ® 2 < or l a l < 2 * 


(e) Since 

v 9 2 2 
x 2 +bx + c = (x+-|) 2 + (c - —) > c - —, 

and since x 2 + bx + c has the value c - b 2 /4 when x = -b/2, the minimum 

O 

value is c - b /4. Since 


ax 2 + bx + c = a(x 2 + —x + —), 

a a' 


the minimum value is 


,2 v 2 

,c b N b 

a( * • ■ c • - 


4a 
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CHAPTER 1 


18. 


(a) The equality is a straightforward computation. Since 

2 

( x l y 2 ” x 2 y l^ — the Schwartz inequality follows immediately. 

(b) The proofs when x ± = Xy^_ and = Xy g , or y ± = y g = 0, are straight¬ 
forward. If there is no such X, then the equation 

X 2 (y 1 2 + y 2 2 ) - 2\(x 1 y ± + x 2 y 2 ) + (x ± 2 + y 2 ) = 0 

has no solution A, so by Problem 17(a) we have 


2(x 1 y 1 + x 2 y 2 ) 


(y. 2 + y P 2 ) 


4(x 1 + y ± ) 

- 2 ~ 

(y ± + y 2 ) 


< 0 , 


'1 2 

which yields the Schwartz inequality. 


2 2 2 2 2 

(c) We have 2xy < x + y , since 0 < (x - y) =x - 2xy + y . Thus 


U) 


2x 1 y 1 


V / y 1 2 + y 2 2 (x,, 2 + x 2 2 ) ( yi 2 + y 2 2 ) 


( 2 ) 


2x 2 y 2 


Vy^TT/ (x ± 2 + x 2 2 ) (y ± 2 + y 2 2 ) 


2 (x iyi + x 2 y 2 ) 


/ 2 , 2 

v x i + x 2 + y s 


< 2. 


addition yields 
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(d) In part (a), equality holds only when x^y,, - = 0* 0ne possibility 

is y 1 = y 2 = 0. If y 1 / 0, then x ± = (x ± /y 1 )y ± and also 

x 2 = ( x j/ y l) y 2 J similarly » if y 2 ^ °> then A = x 2 //y 2* 

The proof in part (b) already yields the desired result. 

In part (c), equality holds only if it holds in (1) and (2). 

op 2 

Since 2xy = x + y only when 0 = (x - y) , i.e., x = y, this means 
that 

x y. 

-—- = --- for i = 1, 2, 



19, 20, 21. See Chapter 5. 

22. According to Problem 20, we have |x/y - x^/y^ | < e if 

|x - x | < min(---, 1) 

2(i/|y 0 |+l) 

and 

11 € 

I— - —I <-, 

y y 0 2(|x 0 |+l) 

and the latter is true, according to Problem 21, if 
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CHAPTER 1 


e !y 0 ! 


|y - y 0 | < min(— > 4(| - Xq| + i) )* 


23 . (a) For k = 1 the equation reads a ± + a 2 - a ± + a 2 . If the equation holds 
for k, then 

( a l + ... + a fc+1 ) + a fc+2 = t( a 1 + ... + \) + \+i^ + \+2 

= (»! + ...+ V + (\ +1 + \ +2 ) "y PI 

. H + ... + a fc + (a k+1 + a R+2 ) since the 

equation holds for k 

= a 1 + ... + a fc+2 by the definition of 

a ± + ... + a fc+2 . 

(b) For k = 1 the equation reduces to the definition of + ... + a^. If 
the equation is true for some k < n, then 

(a 1 + ... + a fc+1 ) + (a R+2 + ... + a R ) = ([a ± + ... + \] + a k+i ) 

+ ( a k+2 + + a n ) by part ( a ) 

= ( a i + ... + \) 

+ ^ a k+l + ( a k + 2 + ••• + a n)) byPl 
= (a ± + ... + a R ) + ( a k+1 + ... + a n ) 

by the definition of . + a n 

= a ± + ... + a R 


by assumption. 
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(c) The proof is by "complete induction" on k (see Chapter 2). The assertion 
is clear for k = 1. Assume that is true for all l < k. Then 

s ( a l J ... ,a k ) = s' (a^ ... ,a £ ) + s"(a £+± ,...,a k ) 

= (a ± + ... + a £ ) + (a £+± + ... + a fc ) by assumption 
= a ± + ... + a^ by part (b). 

24. P2, P3, P4, p6, P7, P8 are obvious from a glance at the tables. There are 

eight cases for Pi, and even this number can be reduced: because P2 is true, 
it is clear that a + (b + c) = (a + b) + c if a, b, or c is 0, so only the 
case a = b = c = 1 must be checked. Similarly for P5. Finally, P9 is true 
for a = 0, since 0*b = 0 for all b, and for a = 1, since l*b = b for all b. 



CHAPTER 2 


1. (ii) Since l 3 = l 2 , the formula is true for n = 1. Suppose that the formula 
is true for k. Then 

(1 + ... + k + [k + l ]) 2 = (1 + ... + k ) 2 + 2(1 + ... + k) (k + 1 ) + (k + l ) 2 

= l 3 + ... + k 3 + 2 - ^ - 2 + (k + 1) + (k + 1) 2 

= l 3 + ... + k 3 + (k 3 + 2 k 2 + k) + (k 2 + 2 k + 1 ) 

= l 3 + ... + k 3 + (k + l) 3 , 

so the formula is true for k + 1 . 


2. (il) 

2 (21 - l) 2 = l 2 + 3 2 + ... + (2n - l) 2 

1-1 = [l 2 + 2 2 + ... + (2n) 2 ] - [2 2 + 4 2 + 6 2 + ... + (2n) 2 ] 

= [l 2 + 2 2 + ... + (2n) 2 ] - 4[1 2 + 2 2 + 3 2 + ... + n 2 ] 

_ 2n( 2n +' 1) (4n + 1) 4n( n + 1)(2n + 1) 

6 ” ~ 6 

_ 2n(2n + l)[4n + 1 - 2( n + 1) ] 

5 

n( 2n + 1) (2n - 1) 

3 

3 ‘ (k - l) + (k) = (k - 1) !(n - k + 1) l + ki(n - k).' 

_knj_ , (n + 1 - k)n3 

kj(n + 1 - k).' kj(n + 1 - k)J 

_ (n + l)nl /n + 1\ 

- kj(n + 1 - k)I = \ k )' 


14 



CALCULUS 


15 


Clearly is a natural number. Suppose that is a natural number 
for all p < n. Since 

nH-Xp) — 

it follows that J ^ is a natural number for all p < n, while ^ ^ 

is also a natural number. So * ^) is a natural number for all 
p < n + 1. 

There are n(n - l)-...*(n - k + 1) k-tuples of distinct integers each 
chosen from l,,,,,n, since the first can be picked in n ways, the next 
in n - 1 ways, etc. Now each set of exactly k integers can be arranged 
in ki k-tuples, so there are n(n - l)*...*(n - k + l)Ai = ( k ) such sets. 


The binomial theorem is clear for n = 1, 

n 


(a + b) n = 2 (J) a 11 

j=0 VJ/ 


-j 


b 


Suppose that 

J 


Then 


(a + b) 


n+1 


= (a + b) (a + b) n = (a + b) 2 (*!) &n J b*^ 

J»0 XJ/ 


n 

= 2 ( r 

)) a ntl - J 

bJ 

11 / 
+ 2 ( 

n\ a n-J b J+l 

j=0 x * 

)/ 


J-0 V 

J/ 

- 2 (* 
j=0 '« 

J) a n+1 - J 

b J 

n+1 . 

+ 2 ( 
j=l V 

n \ a n+l-j 
3 ~ 1/ 


(we have replaced j by j - 1 in the second sum) 

s 2 / n + ±y \ a n+1 ~J b*^ by part (a), 
j =0 ' J ' 


so the binomial theorem is true for n + 1. 
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(e) (i) 2 n = (1 + l) n = a Q), 

J o 


(ii) 0 = (1 + -l) n = s (-i) J (*)). 

j=0 VJ/ 


5. (ii) From 

(k + l) 5 - k 5 = 5k 4 + 10k 3 + 10k 2 + 5k + 1 k = l,...,n 


we obtain 



k=l 5 


5 4-3 

nr n n^ n 

5 2 + ' 3 "30* 


(iv) From 

1 l 2k + 1 

k 2 (k + l) 2 k 2 (k + l) 2 

we obtain 


k = i. 


> n 


i 


1 _" 2 k + 1 

P ~ S p P* 

(n + 1) k=l k (k +1) 


6. The proof is by complete induction on p. The statement is true for p = 1, 


since 


n , . x 2 
2 k = + ■ 1 ) = !L. + n 

k=l 2 2 
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Suppose that the statement is true for all natural numbers < p. The binomial 
theorem yields the equations 

(k + 1)P + ^ - = (p + l)k^ + terms involving lower powers of k. 


Adding for k ■ we obtain 




n 


terms involving S k for r < p. 
k=l 


By assumption, we can write each Z k as an expression involving powers n s 

k=l 

with s < p. It follows that 


*1 fn + 1^^ "t“i 

s k sb L ■ — - + terms involving powers of n less than p + 1. 


k=l 


9. Suppose A contains 1, and that A contains n + 1 if it contains n. If A does 
not contain all natural numbers, then the set B of natural numbers not in A 
is not So B has a smallest member n^. Now n^ 1, since A contains 1, so 
we can write n Q = (n Q - 1) + 1 where n Q - 1 is a natural number. Now n Q - 1 
so n Q “ 1 is in A. By hypothesis, n^ must be in A, so n^ is not 
in B, a contradiction. (By the way, the assertion that a natural number 
n / 1 can be written n = m + 1 for some other natural number m, can itself 
be proved by induction.) 

10. Clearly 1 is in B. If k is in B, then l,...,k are all in A, so k + 1 is in A, 
so l,...,k + 1 are in A, so k + 1 is in B. By (ordinary) induction, B * N , 


so also A = N . 
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CHAPTER 2 


13. (a) If + </3 were rational, then ( + a/ 3)^ would certainly be rational. 

So 5 + 2 would be rational, and consequently *JZ would be rational, 
which is false. 

(b) If - VS - -v /3 were rational, then the same would be true for 
[ */6 - ( <s/2 + v^3) ] 2 * 6 + ( 4 </3) 2 - 2 <>/^( -v/2 + a/3) 

. ll + 2^[l-(-/i> + V3) 3- 

Thus -v/6 [l - ( */?. 4 V^3) ] would be rational, so the same would be 
true for 

[1 - ( V 2 + a/3)]} 2 = 6 [1 - ( + V 3)] 2 

= 6 [6 - 2( /2 + V3*) + 

So both 

v£ - ( V 2 4 ^3) and 7£T - 2 ( 7£ + 1 / 3 ) 

would be rational, which would imply that 72 + 73 is rational, con- 
tradicting part (a). 

14. (a) The assertion is true for m = 1. If it is true for m, then 

(P + A /5) m+1 - (P + 75) ( a + b 75) = ( a P + b ) + (a + pb) 7q, 

and ap 4 b and a 4* pb are rational. 

(b) The assertion is true for m - 1. If it is true for m, then 

(P - 7^) m+1 = (P - 75) ( a - b 75) = ( a P + b ) - (a + pb) Jq, 

whereas (p + .yq) m+1 = (ap + b) + (a + pb) 7? b Y part ( a ). 
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15. (a) 


The inequality (m + 2n) 2 /( m + n) 2 > 2 is equivalent to 

m 2 + 4mn + 4n 2 > 2m 2 + 4mn + 2n 2 , 

2 2 

or simply 2n > m . 

The second inequality is equivalent to 

n 2 [(m + 2n) 2 - 2(m + n) 2 ] < (2n 2 - m 2 )(m + n) 2 , 
or 

n 2 (2n 2 - m 2 ) < (2n 2 - m 2 )(n 2 + [2mn + m 2 ]). 


or 

0 < ( 2 n 2 - m 2 )( 2 mn + m 2 ). 

(b) Reverse all inequality signs in the solution for part (a). 

(c) Let m 1 = m + 2n and n^ = m + n, and then choose 

m' = m. + 2 n„ = 3 m + 4n, 

1 1 

n* = = 2 m + 3 n. 


16. (a) Suppose that every number < n can be written as a product of primes. 

If n > 1 is not a prime, then n = ab for a,b < n. By assumption, a and 
b are each products of primes, so n = ab is also. 
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Op p 

(b) If </n = a/b, then nb = a , so the factorization into primes of nb^ 

2 

and of a must be the same. Now every prime appears an even number of 

2 2 

times in the factorization of a , and of b , so the same must be true 
for the factorization of n. This implies that n is a square. 

(c) Repeat the same argument, using the fact that every prime occurs a 

lr Lr 

multiple of k times in a and b . 


(d) If were the only primes, then p^-p^*...*? + 1 could not be 

a prime, since it is larger than all of them,(and is not 1), so it must 
be divisible by a prime. But p^,...,p n clearly do not divide it, a 
contradiction. (Although this is a proof by contradiction, it can be 
used to obtain some positive information: If P 1 ,#..,P n are the first 
n primes, then the (n + l) St prime is < P^/Pp’• • • * P n + 1# It; is not 
necessarily true, however, that p ± *P 2 # •••*P n + i is a prime; for 
example, 2*3*5 S 7 # H # 13 + 1 - 30,031 = 59*509.) 


17. (a) 


Suppose x = p/q where p and q are natural numbers with no common 
factor. Then 


n n-1 

+ a , 

n n-1 n-1 

q q 


+ 


+ a _ = 0 




so 


(*) 


n-1 


n-1 

p q + 


+ a Q q 


= 0 . 
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Now if q / + 1 , then q has some prime number as a factor. This prime 
factor divides every term of (*) other than p n , so it must divide p n 
also. Therefore it divides p, a contradiction. So q = +1, which 
means that x is an integer. 

(b) Writing the various powers of x = 2 2 ^ + 2^^ in terms of the powers 
of i) = 2 1// ^, we obtain the following table for the coefficients. 



We can then find numbers & q ,...such that 

6 5 4 3 2 

x + ax + a,,x + a_x + a 0 x + a. x + a„ = 0 

5 4 3 2 1 0 

by solving the equations a^ + 2a 2 + 2a^ + 40a^ + 12 = 0, etc. It turns 


out that 
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x 6 - 6x^ - 4x 3 + 12x 2 - 24x - 4 = 0. 

Part (a) implies that either x is irrational or else x is an integer, 
and it is easy to see that x is not an integer, because 1.4 < < 1.5 

and 1.2 < ~V2 < 1.3, so 2.6 < 72 + V2 < 2.8. 

This is one of those problems where a little learning, though 
perhaps a dangerous thing, could save a lot of work: The proper 
equation for x can also be found by noting that 72 + 3 72 clearly 

satisfies the equation 

[(x - 72) 3 - 2]•[(x + 72) 3 - 2] = 0; 

when the left side is multiplied out, we obtain 

(x - 2) 3 + 4 - 2-((x - 72 ) 3 + (x + 72) 3 ] 

= (x - 2) 3 + 4 - 2•[2x 3 + 12x] (the odd powers of x cancel out) 

= x^ - 6x^ - 4x 3 + 12x 2 - 24 x - 4. 

Of course, this method depends on the observation that the equation for 
3 3 

x = + y2 should also have - ->/2 4- as a root (a hint as to why 

this should be true will be found in Problem 24-8). 

19. Since 
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ag) * . 

vs vs 

the assertion is true for n = 1 and n = 2. Now suppose that the assertion is 
true for all k < n, where n > 3. Then it is true, in particular, for n - 1 
and n - 2, so 

a = a n i + a n-2 

fcrgC - fcaSl • fcrgc • fafjT 
i^ri • ^ - fagr (■ • ■ 

VS 


U + vs)l 

1 + vs) 2 ( 

1 - VS\ n - 2 ( 

1 - VS) 2 

\ 2 A 

2 J ~ V 

2 1 \ 

2 1 


vs 


AL - H 

vs 

20. (a) if a^ «... = a n , then equality holds. If a^^ and a^ are replaced by 

(a. + a.)/2, the arithmetic mean A is unchanged, while G n becomes 
1 J _ 
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(b) 


/ a i + a -i \ 2 

> G^, since ^^— j > a i a j Problem 1-6. 


If this process is repeated enough times we finally have all a^ equal, 
so there is a sequence of geometric means 


G < G * < G " < ... < G^ 
n — n — n — — n 


(*) 


A n* 


1 k 

We know that G < A when n = 2 . Suppose that G < A for n = 2 
n — n n — n 

k+l 

and let m - 2 = 2n. Then 


m 


m,_ /n _ _ n , 

= V a l** ,,,a m " V y a l* * * * * & n / 


n 


VV-* a n + te 


m 


a a 

n+1 m 


using G 2 < A 2 


a l + ••• + a n a n+l + — + & m 
n + n 


by assumption 


a l + ••• + a m 
2n 


= A 


m 


Applying (b) to these 2 m numbers yields, for k = 2 m - n. 


(V-" #a n>< A n> * 


] 2 m 


M n + 1 A nj 

2 m J 


gm 


^m 


= (A n r, 
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so 


o m i 

a l*...* a n < (A n ) = ( A n ) n * 


c- • n+1 n n 1 

dl. Since a = a «a = a »a , the first equation is true for m = 1, 

.. 0 , n+i m n m 

that a = a *a . Then 


n+(m+l) _ (n+m)+l n+m 

* ~ a ~ a • 


a *a by definition 


/ n m x 
= (a -a ) *a 

n / m x 
= a •(a *a) 

n m+1 
= a • a 


by definition. 


so the first equation is true for m + 1. 

1 n n>1 

Since (a ) = a = a , the second equation is true for m 

n m 

pose that (a ) = a . Then 


22. Since 


m+1 m 

, a n v , n. m n 

(a ; = (a ) *a 


„nm n 
= a • a 


by definition 


nm+n . ... 

= a by (l) 

= a n(m+l) 


l*(b+c)=b+c by definition 

= l»b + l*c by definition. 


the first result is true for a = 1. Suppose that a*(b + c) =» a*b 


Suppose 


1. Sup- 


+ a*c for 


all b and c. Then 
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(a + l)•(b + c) = a*(b + c) + (b + c) by definition 

= (a-b + a-c) + (b + c) 

= (a-b + b) + (a-c + c) by Pi and P4 

= (a + l)-b + (a + l)-c by definition. 

The equation a-1 = a is true for a = 1 by definition. Suppose that 
a-1 = a. Then 

(a + 1)-1 = a-1 + 1*1 definition 

= a + 1. 

For b . 1, the equation a-b - b-a follows from a-1 - a, which has Just 
been proved, and 1-a - a, which is true by definition. Suppose that 
a*b = b-a. Then 

a- (b + 1) - a-b + a-1 
= a-b + a 
= b-a + a 

_ (b + l)-a by definition. 

23. (a) (i) is clear. 

(ii) This is clear, because 1 is positive, and if k is positive, then 
k + 1 is positive. 

(iii) Clearly 1 is in this set. If condition (2) failed for this set, 
then there would be some k in the set with k + i « 1/2. But 

is false, since k. = -1/2 is not positive. 


CALCULUS 


27 


(b) 


(iv) This set contains 4 but not 4+1. 

(v) Since 1 is in A and B, also 1 is in C. If k is in C, then k is 

in both A and B, so k + 1 is in A and B, so k + 1 is in C. 

(i) 1 is a natural number because 1 is in every inductive set, by 
definition of inductive sets. 

(ii) If k is a natural number, then k is in every inductive set. So 

k + 1 is in every inductive set. So k + 1 is a natural number. 
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1. (ii) x/(x + 1) (for x / 0, -1). 

(iv) 1/(1 + x + y) (for x + y / -1). 

(vi) For all c, since f(c*0) = f(0). 

2. (ii) Rational y between -1 and 1, and all y with |y| > 1. 

(iv) All w with 0 < w < 1. 

3. (ii) (x: -1 < x < 1}. 

(iv) (-1, 1}. 

4. (ii) sin 2 y. 

(iv) sin t^. 

5. (ii) sop. 

(iv) Sos. 

(vi) so(P + PoS). 

(viii) PoSos + s©S + Poso(S + s). 


28 
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6. (a) Let 


(b) Let 




n (x 

j=i 

_ M_ 

n 

n (x 
d=i 
J/i 


V 


V 


f(x) 


S a.f^x) 


i =1 


n 

= 2 
i=l 


a. 

l 


n 


n 

j=i 

J/ 1 


(X - Xj ) 
( x i - x j) 


7. (a) If the degree of f is 1, then f is of the form 

f(x) = cx + d - c(x - a) + (d + ac), 

so we can let g(x) = c and b = d + ac. Suppose that 
true for polynomials of degree < k* If f has degree 
has the form 

lr xi 

f( x ) = a k+i x + ••• + a i x + V 

Now the polynomial function h(x) = f(x) - a j c +i( x - a 
so we can write 

f( x ) - a k+1 ( x - a) = (x - a)g(x) + b, 
or 


the result is 
k + 1, then f 


has degree < k. 
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f(x) = (x - a)[g(x) + a fc+± ] + b, 
which is the required form. 

By part (a), we can write f(x) = (x - a)g(x) + b. Then 
0 = f(a) = (a - a)g(a) + b = b, 
so f(x) = (x - a)g(x). 

Suppose f has n roots a.^,... ,a. . Then by part (b) we can write 
f(x) = (x - a)g^(x) where the degree of g^(x) is n - 1. Now 

0 = f(a 2 ) = (a 2 - ai ) gl (a 2 ), 

so g 1 (a 2 ) = 0, since a g / a^. Thus we can write 

f(x) = (x - a ± )(x - a 2 )g 2 (x), 

where the degree of g g is n - 2. Continuing in this way, we find that 

f(x) = (x - a ± )(x - a 2 )*...*(x - a n )c 

for some number c / 0. It is clear that f(a) / 0 if a / a^,...,a n . 

So f can have at most n roots. 

If f(x) = (x - l)(x - 2) •••••( x - n), then f has n roots. If n is even, 
then f(x) = x n + 1 has no roots. If n is odd, then f(x) = x n has only 


one root, namely 0. 
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8. If 


x = f(f(x)) 



+ b 


+ d 


for all x, then 

(ac + cd)x 2 + (d 2 - a 2 )x - ab - bd = 0 


for all x 


so 

ac + cd = 0, 

ab + bd = 0, 

,2 2 n 
d - a =0. 

It follows that a = d or a = -d* One possibility is a = d = 0, 
f(x) = b/(cx)/ which satisfies f(f(x)) = x for all x / 0. If a 
b = c = 0, so f(x) = x. The third possibility is a + d = 0, so 
f(x) = (ax + b)/(cx - a), which satisfies f(f(x)) = x for all x 
speaking we should add the proviso that f(x) / a/c for x / a/c, 
that 

ax + b / a 
cx - a * c* 

o 

or a + be ^ 0). 


9. (a) 


C A n B ~ C a' C B’ 


R -A 


= 1 - C., 


in which case 
= d / 0, then 
that 

/ a/c (strictly 
which means 


C AUB C A + C B ' C A * C B * 
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(b) Let A = (x: f(x) = 1}. 

( C ) f = f 2 if and only if f(x) = 0 or 1 for all x; so part (b) may be 
applied. 

Those functions f satisfying f(x) >0 for all x. 

Those functions f with f(x) 0 for all x. t 

Those functions b and c satisfying (b(t )) 2 - 4c(t) > 0 for all t. 

b(t) must = 0 whenever a(t) = 0. If a (t) / 0 for all t, then there is 
a unique such function, namely x(t) = a(t)/b(t). If a(t) = 0 for some 
t, then x(t) can be chosen arbitrarily, so there are infinitely many 

such x. 

11. (d) Let H( 1), H(2), H(13), H(36), H(tt/ 3) , and H(4 7 ) have the values already 
prescribed, and let H(x) = 0 for x / 1, 2, 13, 36, tt/ 3, 47. Since, in 
particular, H(0) = 0, the equation H(H(x)) = H(x) holds for all x. 

(e) Let H(1) = 7, H(7) = 7, H(17) = 18, H(l 8 ) = 18, and H(x) = 0 for 
x / 1 , 7 , 17, 18 . 


10. (a) 
(*) 

(c) 

(d) 
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13. (a) Let 

E(x) = f ( X ) * f (~ x ) , 0(x) - f < X ) - f t- x ) . 

(b) If f = E + 0, when E is even and 0 is odd, then 

f(x) = E(x) + 0(x), 
f(-x) = E(x) - 0(x). 

Solving, we obtain the above expressions for E(x) and 0(x). 

14. raax(f,g) = (f + g + |f - g| )/2; min(f,g) = (f + g - |f - gj)/2, (See Problem 
1-13.) 

15 . (a) f = max(f,0) + min(f,0) because f(x) = max(f(x),0) + min(f(x),0) for 

all x, the equation a = max(a,0) + min(a,0) holding for all numbers a. 

(b) For each x, choose numbers g(x), h(x) > 0 with f(x) = g(x) - h(x)* 

Since we can choose each pair g(x) and h(x) in infinitely many ways, 
there are infinitely many such functions g and h. 

16 . (a) The result is true for n = 1. If f(x^ + ••• + x n ) = f(x^) + ••• + f( x n ) 

for all x^, # ..,x n , then 
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f < X l + •“ + x n+l> “ f ( [x l + + X n ] + W 

= f(x ± + ... + x n ) + f(x n+± ) 

= f(x ± ) + ... + f(x n ) + f(x n+1 ). 

(c) Let c = f(l). Now for any natural number n, 

f(n) = f( l + . „ + 1 ) = f(l) + „ . + « cn. 

n times n times 


Since 


f(x) + f(0) = f(x + 0) = f(x), 
it follows that f(0) =0. Then since 

f(x) + f(-x) = f(x + (-x)) = f(0) = 0, 
it follows that f(-x) = -f(x). In particular, for any natural number n, 
f(-n) = -f(n) = -cn = c(-n). 


Moreover, 



n times n times 



so 
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and consequently 

f B) ■ f (- K) ' - f fe) - - c ‘n - 

Finally, any rational number can be written m/n for m a natural number, 
and n an integer; and 



17. (a) Since f(a) = f(a*l) = f(a)*f(l) and f(a) / 0 for some a, we have 
f(i) = 1 . 

(b) According to Problem 16, f(x) » f(l)x = x for all rational x. 

(c) If c > 0, then c = d 2 for some d, so f(c) = f(d 2 ) = (f(d)) 2 > 0. More¬ 
over, we cannot have f(c) = 0, since this would imply that 

f(a) = f^c*^ = f(c)*f^^ = 0 for all a. 

(d) If x > y, then x - y > 0, so f(x) - f(y) > 0, by part (c). 

(e) Suppose that f(x) > x for some x. Choose a rational number r with 
x < r < f(x). Then, by parts (b) and (d). 


f(x) < f(r) - r < f(x) 
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a contradiction. Similarly, it is impossible that f(x) < x. (There is 
a minor detail here which requires justification. See Problem 8-5.) 

8. If either f = 0 or g = 0, and also either h = 0 or k = 0, then the equation 
certainly holds. If not, then there is some x with f(x) ^ 0, and some y 

with g(y) / 0. Then 0 / f(x)g(y) = h(x)k(y), so we also have h(x) /'0 and 

k(y) / 0. Letting a = h(x)/f(x), we have g(y') = ok(y') for all y'. More¬ 
over a = g(y)/k(y), so we also have h(x') = of(x') for all x'. Thus we have 
g = ak and h = of for some number a ji 0. 

^ ( a ) ( i ) If f ( x ) + g(y) = xy for all x and y, then, in particular, 

f(x) + g(0) = 0 for all x. 

So f(x) = -g(0) for all x, and 

-g(0) + g(y) = xy for all y; 

setting x = 0 we obtain g(y) = g(0). So we must have 
0 = -g(0) + g(0) = xy for all x and y, 

which is absurd. 

(ii) Setting x^ = 0, we obtain f(y) = y for all y. So 

x + y = g(x) - y for all y. 


So g(x) m x for all x. Thus 
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x + y = x - y for all x and y, 

which is absurd. 

(b) Let f and g be the same constant function. (Arguments similar to those 
used in part (a) show that these are the only possible choices.) 

20. (a) Let f(x) = x. 

(b) For every natural number n we have 

lf(y) - f(x) I = I £ f(x + £ [y - x]) - f (x + [y 

k=l 

< S |f(x + £ [y - x]) - f(x + [y 

k=l 

< s ~2 (y ■ x )^ 

k=l n 

= (y - *) 2 

n 

Therefore f(y) = f(x) for all x and y. 

22. (a) If f(x) * f(y), then g(x) = h(f(x)) = h(f(y)) = g(y). 

(b) If z = f(x), define h(z) = g(x). This definition makes sense, because 
if z = f(x f ), then g(x) = g(x r ) by part (a). For z not of the form 
f(x), define h any old way (or leave it undefined). Then for all x in 
the domain of f we have g(x) = h(f(x)). 


- X])| 

- x]) | 
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23. (a) Suppose x / y. Then g(x) = g(y) would imply that x = f(g(x)) = 
f(g(y)) = y, a contradiction. 

(b) b = f (g(b)), so let a = g(b). 


24. (a) The hypothesis can be stated as follows: If x = y, then g(x) - s(y)* 

The conclusion now follows from Problem 22(b), applied to g and I. 

(b) For each x, choose some number a such that x = f(a). Call this number 

g(x). Then f(g(x)) = x = I(x) for all x. 


25. It suffices to find a function f such that f(x) / f(y) if x / y, but such 
that not every number is of the form f(x), because by Problem 24(a) there 
will be a function g with gof = I, and by Problem 23(b) there will not be a 
function g with fog = I. One such function is 


f(x) = 


r 


|X + 1, 

no number between 0 and 1 is of the form 


x < 0 
x > 0; 

f(x). 


26 . hofog = ho(fog) = hoi = h, and also hofog = (hof)og = log = g. 

27. (a) The condition fog = gof means that g(x) + 1 = g(x + 1) for all x. 

There are many such g. In fact, g can be defined arbitrarily for 

0 < x < 1, and its values for other x determined from this equation. 
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(b) If f(x) = c for all x, then fog = gof if and only if c = f(g(x)) 

= g(f(x)) = g(c), i.e., c = g(c). 

(c) If fog = g°f for all g, then in particular this is true for all con¬ 
stant functions g(x) = c. It follows from part (b) that f(c) = c for 
all c. 

28. (a) is a straightforward check. 

(b) Let f be a function with f(x) = 0 for some x, but not all x. Then 

f / 0, but there is clearly no function g with f(x)-g(x) = 1 for all x. 

(c) Let f and g be the two functions which are 0 except at x Q and x^, with 
f(X q) = 1, f(x^ = 0 and g(x Q ) = 0, g(x 1 ) = 1. Neither is 0, so f or 
-f would have to be in P, and likewise g or -g. But (+f)(+g) = 0, 
which contradicts P12. 

(d) P'11, P 1 12, and P'13 are true. P'10 is false; although at most one of 
the conditions holds, it is not necessarily true that at least one 
holds. For example, if f(x) >0 for some x and < 0 for other x, then 
neither f = 0, f < 0, nor 0 < f is true. 

(e) No for the first example; if h(x) = -x, then f < g actually implies 

that hof > hog. Yes for the second; for f(h(x)) < g(h(x)) for all x. 
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1. (i) (2, 4). 


(ii) [2, 4]. 


(iii) (a - e, a + e). 


(iv) (- 75/2, - Vl/2) 

-1—i- 

-Vz72 -I 

(v) (-2, 2). 

-1- 

-2 

(vi) pC if a < 0; 


+ 

0 


H-f 

I 2 


H-1-► 

0 I 2 


i -h 


u ( •Jyi, -fyz ). 

—»-1— 

-Juz 0 


H-1-1-*- 

-10 12 




R if a > 1; " i/Ti/aH 0 

(- 00 , - V(1/a) - 1] y [ V( 1/a) - 1, oo ) 


H- ¥■ 

3 4 



o+« 


—<-1—4— 

/i72 i 7571 


( - - 

>C|i/o)-l 

if 0 < a < 1. 


(vii) (-oo, 1] 0 [l,oo). -)-1-(- 

-I 0 l 

(viii) (-1, 1) u (2, oo). I I » b 

-10 12 
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4. 



CALCULUS 


45 


This means that 

2 2 2 
(m - n) = m + 1 + n +1, 

which is equivalent to -2mn =2, or inn = -1. This proves the result 
when b = c = 0. The general case follows from this special case, since 
perpendicularity depends only on the slope. 

(b) If B / 0 and B' / 0, these straight lines are the graphs of 

f(x) = (-A/B)x - C/A, 
g(x) = (-A'/B')x - C/A; 

so, by part (a), the lines are perpendicular if and only if 



which is equivalent to AA' + BB' =0. If B = 0 (and consequently 
A / 0), then the first line is vertical, so the second is perpendicular 
to it if and only if A 1 =0, which happens precisely when AA' + BB' = 0. 
Similarly if B» = 0. 


8. (a) This inequality is equivalent to the squared inequality, 

( X 1 + y l> 2 + ( x 2 + y 2> 2 ^ < x l 2 + x 2 2) + < y l 2 + y 2^ + 2 V X 1 2 + X 2^ 




which is easily seen to be equivalent to the Schwartz inequality. 
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(b) In part (a), replace 

X 1 by x 2 ' X l’ 

* 2 by y 2 - y 1 , 

by - x g , 

y 2 t»y y 3 - y 2 . 

Geometrically, this inequality says that the length of one side of a 
triangle is less than the sum of the lengths of the other two. (Notice 
that the additional information about the Schwartz inequality which was 
presented in Problem l-l8(d) shows that < can be replaced by < in the 
triangle inequality except when (x^ y ± ), (x 2 , y 2 ), and y^) lie 

on a straight line.) 



9- (Tne following figures do not indicate any particular points, since they were 
drawn using the method of Chapter 11, rather than by plotting points.) 
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(ii) The graph of f is symmetric with respect to the origin. Equivalently, 
the part of the graph to the left of the vertical axis is obtained by 
reflecting first through the vertical axis, and then through the 
horizontal axis. 



(iii) The graph of f lies above or on the horizontal axis. 



( iv) The graph of f repeats the part between 0 and a over and over. 
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13. (i) The graph of g is the graph of f moved up c units. 



(ii) The graph of g is the graph of f moved over c units to the lsf t 



(iii) The height of the graph of f is multiplied oy a factor of c everywhere. 
If c = 0, this means that g=0; if c > 0, distances from the horizon¬ 
tal are increased in the same direction; if c < 0, distances are 
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( iv) The graph of f is compressed by a factor of c if c > 0; if c < 0, the 
compression is combined with reflection through the vertical axis. 

If c = 0, then g is a constant function, g(x) = f(0). 



(v) "Everything that happens far out happens near 0, and vice versa," 
amply illustrated by the graph of g(x) = sin(l/x). 

(vi) The graph of g consists of the part of the graph to the right of the 
vertical axis, together with its reflection through the vertical axis. 



(vii) The graph of g is obtained by flipping up any parts of the graph of f 
which lie below the horizontal axis. 
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(viii) The graph of g is obtained by "cutting off" the parts of the graph of 
f which lies below the horizontal axis. 



(ix) The graph of g is obtained by "cutting cff" the part of the graph of 
f which lies above the horizontal axis. 



(x) The graph of g is obtained by "cutting off" the part of the graph of 
f which lies below the horizontal line at height 1. 
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14. Since 


f(x) = ax + bx + c 


a(x 2 + —x + 

K a a 7 


-a[(x + 


-V 

2a/ 


(c b 2 

\a ” 5a 


)]' 


the graph looks like the figure below. 



15. (i) 
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16 . See pages 421 and 423 of the text. 


17. (i) Notice that different scales have been used on the two axes 



(ii) The graph of f is similar to the graph in part (i), except that there 

are ten sets of ten steps between n and n + 1. 

(iii) The graph of f contains points in every interval of each of the 

horizontal lines at distance 0, 1, 2,..., above the horizontal axis. 
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(iv) The graph of f contains points in every interval of the horizontal axis 
and of the horizontal line at distance 1 above the horizontal axis. 



(v) The figure below shows a (rough) picture of the part of the graph of 


f which lies over [6/10, 1], 
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(vi) The figure below shows a (rough) picture of the graph of f. Notice 
that different scales have been used on the two axes. 



18. See page 79 of the text. 

20. (a) The first part is a straightforward computation. By Problem 1-17, the 
minimum of these numbers is 


j2 + c 2 (-2md - 2c) 2 _ 4m 2 d 2 + 4d 2 + 4m 2 c 2 + 4c 2 - (4m 2 d 2 + 8mcd + 4c 2 ) 
4(m 2 + 1) 4(m 2 + 1) 

d 2 + m 2 c 2 - 2mcd (cm - d) 2 

p 2 

m + 1 m + 1 


(b) The distance from (c,d) to the graph of f is the same as the distance 
from (c, d - b) to the graph of g(x) = mx. By part (a), this is 


| cm - d + bI 
? 

in + 1 
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21. (a) 

x 1 = distance from (x, y) to the graph of f(x) = -x if 
(x, y) lies above this graph (i.e., if x + y > 0), 
and the negative of this distance if x + y < 0. 


y f = distance from (x, y) to the graph of f(x) = x if 

(x, y) lies above this graph (i.e., if x - y < 0), 
and the negative of this when x - y > 0. 

By Problem 20, these distances are given by 


I- x - y[ 


72 


72 72 


[x - y| = 

7 ? 


X _ 

7^ Ti" 


from which the desired formulas follow. 


(b) Since 



y' 

72 



we have (x/72) 2 - (y'/72) 2 = 1 if and only if 
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1 - (f + if - f f + if 

2 2 .22 
* + z_ + sl_/*+£__ 

IT + 4 + 2 \^T ir 


EL 

2 


= xy. 
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1 . (i) 


(iii) 


(v) 


2. (iv) 


(vi) 


3. (i), 

(iv) 

(v) 

(vi) 


4. (a) 


lim 

x-1 


x 2 - 1 


X + 1 



lim 

3 




-i . x 

lim — 
y—x x 


n 

y 


y 


n 

lim*- 


n 


y-x y - x 


n-1 


ny 


Let 6 = e, since |x/(l + 


• 2 \ 
sin x) 


If € > 1, let 6=1. Then |x - 11 <6 implies that 0 < x < 2, so 
0 < >/x < 2, so ! -/x - 1| < 1. If e < 1, then (1 - e) 2 < x < (1 + e) 2 

implies that \ y/x - 1\ < €, so it suffices to choose 6 so that 

2 2 
(1 — €) <1-6 and l + 6<(l + e) . Thus we can choose 

2 

6 = 2 € - € . 


(ii), (iii) All numbers a which are not integers. 

All a. 

All a with a / 0 and a / 1/n for any integer n. 

All a with |a| <1 and a / 1/n for any integer n. 

(i) All a not of the form n + k/10 for integers n and k. 

(ii) All a not of the form n + k/100 for integers n and k. 

iii), (iv) No a. 
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(v) All numbers a whose decimal expansion does not end 7999-•• • 

(vi) All numbers a whose decimal expansion contains at least one 1. 

(b) The answers are the same as in part (a) (although the description 
of the numbers in terms of their new "decimal expansions" may be 
different). 

5. (ii) We need 

I f (x) - 21 < min(l, 4 ] + ^y ) and !s( x ) " 4 1 < 2 ( | 2f + 1 ) * 
so we need 

2 2 

0 < |x - 2 | < min(sin 2 ( [mln ^ 1, 9 e / 10 ^ ) + min(l, e/10), [min(l, e/ 6 )] ) = 6. 

(iv) We need 

_1 _ 1 

«(*) " 4 

so we need 

0 < |x - 2 | < min([min(2 , 2 ( | 2 ^+ T) ' 1 ^ ' si n 2 ( -^^-^ 2e A)l ) + min(l, 2 e/ 5 ) ) = 6. 

6 . Let f(x) = Vw with a = 0 and 1=0. Then for e < 1 we have 

p 2 

l^/jTf - 0 | < e when 0 < |x - 0 | < e ; but if 0 < |x - 0 | < e / 2 , it does not 

2 

follow that ly/lxT- 01 < e /2 (instead we must let 0 < |x - 0 | < (e/ 2 ) .) 


< g (|2| TT) and l f(x) ‘ 2| < mln(lj 2(| 1/4 ~T h 
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7. (a) Yes. For example, if g = 1 - f, then 11m [f(x) + g(x)] exists even if 

x—a 

lim f(x) (and consequently lim g(x)) does not exist; and if g = l/f 
x—a x ^ a ' 

where f(x) / 0 for all x / a, then lim f(x)g(x) does exist even if 

x -•a 

lim f(x) and lim g(x) do not exist (for example, if f(x) = l/(x - a) 
for x / 0, and g(x) = x - a). 

(b) Yes, since g = (f + g) - f. 

(c) No. (This is just another way of stating part (b).) 

(d) No. The argument analagous to part (b), that g = (f-g)/f, will not 

work if lim f(x) = 0, and this is precisely the case in which one can 
x—a 

find a counterexample. For example, let f(x) = x - a, and let g(x) = 0 

for x rational and 1 for x irrational. Then lim g(x) does not exist, 

x-+di 

but lim f(x)g(x) = 0, since |f(x)g(x) - 0| < |f(x)|. 
x-^ a 

10 . Intuitively this is true because we only have to consider x's satisfying 
0 < |x - a| < 6>, where we can pick &' < 6. in fact, if lim f(x) . £, and 

€ > O’ there is a 6 ' such that if 0 < |x - a| < «5>, then *f* x ) - i\ < e . 

Now there is also a 6' < 6 with this property (namely, min(6', 6)). Since 
f( x ) - g(x) for all x with 0 < |x - a| <6, we also have f(x) = g(x) for all 

x with 0 < |x - a| < <5<, so the conclusion |f(x) - i | < e can just as well 

be written lg(x) - £\ < e. This shows that lim g(x) = l. 
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11. (a) Intuitively, f(x) cannot be made close to a number > lim g(x) because 

x—a 

f( x ) <. S(x) and g(x) is close to lim g(x). A rigorous proof is by 

x—a 

contradiction. Suppose that & = lim f(x) > lim g(x) = m. Let 

x—a x—a 

e = l - m > 0. Then there is a 6 > 0 such that if 0 < |x-a| < 6 , 
then \t - f(x)| < e /2 and |m - g(x)| < e/ 2 . 



Thus for 0< |x-a| <6 we have 

g(x) < m + | = £ - | < f(x), 
contradicting the hypothesis. 

(b) It suffices to assume that f(x) < g(x) for all x satisfying 
0 < |x - a| < 6 , for some 6 > 0 . 

(c) No. For example, let f(x) = 0 and let g(x) = |x| for x / 0, and 

g(0) =1. Then lim f(x) = 0 = lim g(x). 

x -»0 x -^0 

12 . Intuitively, g is squeezed between f and h, which approach the same number: 
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Let i = lim f(x). Given e > 0, there is b > 0 such that if 0 < |x - a| < 6, 
x—a 

then |h(x) - l | < e and |f(x) - l | < e. Thus, if 0 < |x - a | < 6 , then 


I - e < f(x) < g(x) < h(x) < l + c, 

so |g(x) -l | < e . 


(a) We ought to have 

llm , lim Misi, b llm mu , blLm rni, „t. 

x -0 x x —0 bx x —0 bx y —0 y 

The next to last equality can be justified as follows. If e > 0 there 
is a 6 > 0 such that if 0 < |y| < 6 , then |f(y)/y| < e. Then if 
0 < Ix| < e/|b |, we have 0 < |bx| < e, so |f(bx)/bx| < e. 


(b) In this case, lim f(bx)/x = lim f(0)/x does not exist, unless f(0) = 0. 

x —0 x -0 

(c) Part (a) shows that lim (sin 2x)/x = 2 lim (sin x)/x. We can also 

x —0 x -0 

use the following computation: 

t sin 2 x 2 (sin x) (cos x) „ , . . . sin x 

lim - = lim —‘- <- = 2 lim cos x lim- = 2 . 

x -0 x x -0 x x —0 x —0 x 

(Of course this method won't work in general for lim (sin qx)/x.) 


(a) Intuitively, if f(x) is close to l, then |f(x)| is close to \l\. In 
fact, given e > 0 there is a 6 > 0 such that if 0 < |x-a| < 6 , then 
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|f(x) - 11 < e. But ||f(x)|- MU < |f(x) - ^| < e (by Problem 
1 -12(vi)). 


(*) 


This follows from (a) 
max(f, 
min(f, 


and Theorem 2, since 
g) - f + 

g) - f + 6 i |f ~ sl - 


16. Pictorially, this means that f is bounded in an interval around a. 



Choose 6 > 0 so that |f(x) - l \ < 1 for 0 < |x - a| < 6 (we are picking 
e = 1). Then l - 1 < f(x) < l + 1, so we can let M = max (\l +l|, M - 1 !)* 


17. For any 6 > 0 we have f(x) = 0 for some x satisfying 0 < |x - a| < b (namely, 
irrational x with 0 < |x - a| < 6) and also f(x) =1 for some x satisfying 
0 < |x - a| <6 (namely, rational x with 0 < |x - a| < 6). This means that 
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we cannot have |f(x) - l\ < 1/2 no matter what j l is. (There is a slight bit 
of cheating here; see Problem 8-5.) 

18. Consider, for simplicity, the case a > 0. The basic idea is that since f(x) 

is close to a for all rational x close to a, and close to -a for all irrational 
x close to a, we cannot have f(x) close to any fixed number. To make this 
idea work, we note that for any 6 > 0 there are x with 0 < |x - a| <6 and 
f(x) > a/2 as well as x with 0 < |x - a| <6 and f(x) < -a/2. Since the 
distance between a/2 and -a/2 is a, this means that we cannot have 
|f(x) -l | < a for all such x, no matter what l is. 



19 . (a) follows from (b), since |sin l/x| < 1 for all x (/ 0). 

(b) If 6 > 0 is such that |g(x)| < e/M for all x with 0 < |x| < 6, then 

|g(x)h(x) j <e for all such x. 
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20. If lim f(x) does exist, then it is clear that lim [f(x) + g(x)] does not 

x-* 0 x-» 0 

exist whenever lim g(x) does not exist (this was Problem 7(h) and (c)). On 
x—0 

the other hand, if lim f(x) does not exist, choose g =■ -f; then lira g(x) 

x—0 x—0 

does not exist, but lim [f(x) + g(x)] does exist. 

x—0 ' 

\ 

21. (a) If lim f(x)g(x) existed, then lim g(x) = lim f(x)g(x)/f(x) would also 

x—0 x-»0 x —«0 

exist. 

(b) Clearly, if lim f(x)g(x) exists, then lim g(x) = 0. 

x-*>0 x —0 

(c) In case (1) of the hint, we clearly cannot have lim f(x) =0, so by 

x—0 

assumption the limit does not exist at all. Let g = 1/f. Since it is 

not true that lim jf(x)j = it follows that if lim g(x) exists, then 
x—0 x—0 

lim g(x) / 0. But this would imply that lim f(x) exists, so lim g(x) 
x-*0 x-»0 x-»0 

does not exist. On the other hand, lim f(x)g(x) clearly exists. In 

x—■ 0 

case (2), choose x^ as in the hint. Define g(x) = 0 for x / x n , and 

g(x) =1 for x = x . Then lim g(x) does not exist, but 
n x —0 

lim f(x)g(x) = 0. 
x—0 


22. Given e >0, pick n with 1/n < e and let 6 be the minimum distance from a to 
all points in A^,...,A (except a itself if a is one of these points). Then 
0 < |x - a| <6 implies that x is not in A^,...,A , so f(x) = 0 or 1/m for 
m > n, so |f(x)| < e. 
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24. (a) Although lim 1/x = 1 is true, it is not true that for all 6 > 0 there 

x—1 

is an e >0 with |l/x - i| < € for 0 < |x - l| < 6. In fact, if 
6 =1, there is no such e, since 1/x can be arbitrarily large for 
0 < |x - 1| < 1. 

Moreover, any bounded function f automatically satisfies the condi¬ 
tion, whether lim f(x) - / is true or not. 
x-*a 

(b) If f is a constant function, f(x) = c, this condition does not hold, 

since |f(x) - c| <1 certainly does not imply that 0 < |x - a| < 6 for 
any <5. 

Moreover, the function f(x) » x, for example, satisfies this 
condition no matter what a and t are. 


25. (i), 

(v) 

(vi) 


(ii), (iii), (iv) Both one-sided limits exist for all a. 

Both one-sided limits exist for a / 0, and neither exists for a = 0. 

Both one-sided limits for all a with |a| <1; moreover, lim f(x) 

x-1" 

and lim f(x) exist. 
x-1 


26. (a) (i), (ii) Both one-sided limits exist for all a. 

(iii), (iv) Neither one-sided limit exists for any a. 
(v) Both one-sided limits exist for all a. 
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(vi) Both one-sided limits exist for all a whose decimal expansion 
contains at least one 1 ; in addition, the right-hand limit 
exists for all a whose decimal expansion contains no l's, hut 
which end in 0999 .•• • 

(b) The answers are the same as in part (a). 



Let t = lim f(x) and m = lim + f(x). Since m - 1 >0, there is a 6 > 0 
x—a _ x—a 

so that 

|f(x) -l | < m ~ - when a - 6 < x < a, 

|f(y) - m| < m when a < y < a + 6. 

This implies that 

f(x) < l + — = m - - ~ m < f(y). 

The converse is false, as shown by f(t) = t and any a. It is only possible 

to conclude that lim f(x) < lim + f(x). 

x—a” x—a + 
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30. Naturally we are assuming a n ^ 0 and b n / 0. If x / 0, then 


a x n + .•. + 
n _0 

b m x + ' •' b 0 




= 

e(x) 


If m < n, then lim f(x) = but lim g(x) =0. This implies that 

X—K» X*~oo 

lim f(x)/g(x) does not exist (otherwise we would have lim f(x) 

X-co 

= [lim f(x)/g(x) ]• [lim g(x)] = 0.) If m > n, we write 
x-°° X-°° 


a n xil + *' * + a 0 
, m , , 

V + ••• + b o 



m-n 

x 



b + 


m 



*1x1 

S(x) 


Then lim f(x) = 0 if m > n, and a if m = n, while lim g(x) = b m . So 

X-oo X-oo 

lim f(x)/g(x) =0 if m > n, and a n A ra if m = n. 

X-oo 

32. lim f(x) = l means that for all e > 0 there is some N such that 

X—oo 

| f(x) - i | < e for x < N. 

(a) The answer is the same as when x — oo (Problem 30). 

(b) If I = li f(x), then for every e > 0 there is some N such that 

X-oo 
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|f(x) - l | < e for x > N. Now if x < -N, then -x > N, so 
|f(-x) - i| < €. So lim f(-x) = i. 

X — -oo 

(c) If i = lim f(x), then for every e > 0 there is some N such that 

X—-oo 

|f(x) - i\ < e for x < N, and we can assume that N < 0. Now if 
1/ft < x < 0, then 1/x < N, so |f(l/x) - l\ < e. 

33. 



(a) Given N > 0, let 6 = 1/ */W. Then 0 < |x — 31 < 6 implies that 
(x - 3) 2 < 1/N> so l/(x - 3) 2 > N. 

(b) Given N > 0, so that 1/ft > 0, choose 6 > 0 such that |g(x)| < €/ft for 
0 < |x - a| < 6. Then 0 < |x - a| <6 implies that |f(x)/g(x)| 

> e-(N/e) = N. 
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34. (a) ii m f(x) = 00 means that for all N there is a 6 > 0 such that, for all x, 
x—a + 

if a < x < a + <5, then f(x) > N. 

Iim f(x) = 00 means that for all N there is a 6 > 0 such that, for all x, 
x—a" 

if a - <5 < x < a, then f(x) > N. 

Iim f( x ) = 00 means that for all N there is some M such that, for all x, 

X-*oo 

if x > M, then f(x) > N. 

It is also possible to define 

lim f(x) = 00 , 

X —-00 

lim f(x) = -co, 
x-a 

lim + f(x) = - 00 , 
x—a 

lim f(x) = - 00 , 
x-a” 

lim f (x) = -co, 

x -00 

lim f(x) = -oo. 

X-^-oo 

(b) Given N > 0, choose 6 = 1/N. If 0 < x < 6, then 1/x > N. 

(c) If lim f(l/x) = 00 , then for all N there is some M such that 

X~oo 

f(i/x) > N for x > M. Choose M > 0. If 0 < x < 1/M , then x > M, so 

f(x) > N. Thus lim f(x) = 
x-0 


CO. 


The reverse direction is similar. 
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1. (ii) No F, since lim |x|/x does not exist. 

x—0 

(iv) No F, since F(a) would have to be 0 for irrational a, and then F is not 
continuous at a if a is rational. 

2. Problem 4-15: 

(i), (ii), (iii) All points except integers. 

(iv) All points. 

(v) All points except 0 and 1/n for integers n. 

(vi) All points in (-1, 1) except 0 (where it is not defined) and 
1/n for integers n. 

Problem 4-17: 

(i) All points not of the form n + k/10 for integers k. and n. 

(ii) All points not of the form n + k/100 for integers k. and n. 

(iii) , (iv) No points. 

(v) All points whose decimal expansion does not end 7999*.. • 

(vi) All points whose decimal expansion contains at least one 1. 

3. (a) Clearly lim f(h) =0, since |hl <6 implies that |f(h) - f(0)| = 

h— 0 

|f(b) | < 6. 
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(b) Let f(x) =0 for x irrational, and f(x) = x for x rational. 

(c) Notice that |f(0)| < |g(0)| = 0, so f(0) = 0. Since g is continuous at 

0, for every e > 0 there is a 6 > 0 such that |g(h) - g(0)| = |g(h)| < e 

for 1h| < 6. Thus, if |h| < 6, then |f(h) - f(0)( = (f(h)| < |g(h )\ < e. 

So lim f(h) = 0 = f(0). 
h—0 

4. Let f(x) = 1 for x rational, and f(x) = -1 for x irrational. 

5. Let f(x) = a for x irrational, and f(x) = x for x rational. 



6. (a) Define f as follows (see the solution to Problem 4-15(vi)): 

0, x < 0 

4-» 0 < x < 1 

2, x > 1. 
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(b) Let 

x < 0 
0 < x < 1 

x > 1. 

7. Note that f(x + 0) = f(x) + f(0), so f(0) = 0. Now 

lim f(a + h) - f(a) = lim f(a) + f(h) - f(a) 
h—0 h—0 

= lim f(h) 
h—0 

= lim f(h) - f(0) = 0, 
h —0 

since f is continuous at 0. 

8. Since (f + a)(a) / 0, Theorem 3 implies that f + a is non-zero in some open 
interval containing a. 

9. ( a ) This is just a restatement of the definition: If the condition did not 

hold, then for every e > 0 we would have |f(x) - f(a)| < e < 2€ for all 
x sufficiently close to a, i.e., for all x satisfying |x - a| <6 for 
some 6 > 0, If this were true for all €, then f would be continuous 



at a. 
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f(a)+« - 


f(a)- 

. • 

f(a)-c - 

- » W . 

• • 

. .1 


a 


(b) If neither of these conditions held, then for every € > 0 there would 
be b^, 6 2 > 0 such that f(x) > f(a) - e for |x - a| < 6^ and 
f(x) < f(a) + e for |x - a| < b 2 . If |x - a| < b = min(6 1 , b 2 ), then 
f(a) - € < f(x) < f(a) + e , so |f(x) - f(a)| < € . Since this would 
be true for all e > 0, it would follow that f is continuous at a. 

10. (a) 

lim |f |(x) = |lim f(x)| by Problem 4-14 

x—a x— a 

= |f(a)| = | f! (a). 

(b) The formulas for E and 0 in the solution to Problem 3-13 show that E 
and 0 are continuous if f is. 

(c) This follows from part (a), since 
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■«(*, g) I*—« l. 

«ln(f, g) . f ± *1 l f - «l . 


(d) Let g = max(f, 0) and h = -min(f, 0). 


11. 1/g = fog, and f is continuous at g(a) if g(a) / 0. So by Theorem 2, 1/g 
is continuous at a if g(a) / 0. 


12. (a) Clearly G is continuous at a, since G(a) = f = lim g(x) = lim G(x). 

x-* a x-*a 

So f®G is continuous at a by Theorem 2. Thus 

f(i) = f(G(a)) = (foG)(a) = lim (f®G)(x) = lim f(g(x)). 

x—a x—a 

(b) Let g(x) = l + x - a and 

fo, x / l 

f(x) = ; 

[l» x = I. 

Then lim g(x) = l, so f(lim g(x)) = f(t) = 1; but g(x) / £ for x ^ a 
x-—a x— a 

so lim f(g(x)) = lim 0=0. 
x—>a x—a 


13. (a) Since f is continuous on [a, b], the limits lim f(t) and lim f(t) 

t-*a t-*b~ 


exist. Let 
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(b) Let f(x) 


g(x) = 

l/(x - a). 


lim f(t), 
t —a 

lim f(t), 
t—b" 

\ 


x < a 

a < x < b 
b < x. 


14. (a) The limit lim f(a + t) exists, and equals f(a) = g(a) = h(a), since 

t—0 

lim f(a + t) = lim g(a + t) = g(a), 
t—0 t—0 

lim f(a + t) = lim h(a + t) = h(a). 
t—0“ t—0" 

(b) f is continuous at c by (a), and at any x / c, in [a, b], since f 
agrees with either g or h on some interval around x. 


15. If f is continuous on [a, bj and f(a) > 0, then there is some 6 > 0 such 
that for all x, ifa<x<x+6, then |f(x) - f(a)| < f(a). This last 
inequality implies that f(x) >0. The proof for f(b) > 0 is similar. 

16. (a) No in the first case; yes in the second. 

(b) We have 

lim g(x) = lim f(x), since g(x) = f(x) for x / a 

x—a x—a 


= e(a) 


by definition of g(a). 
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(c) g(x) = 0 for all x. 

(d) Since g(a) = lim f£y), by definition, it follows that for any e > 0 

y —a 

there is a 6 > 0 such that |f(y) - g(a)| < e for |y - a| < 6. This 
means that 

g(a) - € < f(y) < g(a) + € 

for |y-a| <6. So if |x-a[ <6, we have 

g(a) - € < lim f(y) < g(a) + €, 
y—x 

which shows that |g(x) - g(a) | < € for all x satisfying |x - a| <6. 
Thus g is continuous at a. 
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1. (ii) Bounded above and below; no maximum or minimum value. 

(iv) Bounded below but not above; minimum value 0. 

(v) Bounded above and below. It is understood that a > -1 (so that 

-a -1 < a + 1). If -1 < a < 1/2, then a < -a -1, so f(x) = a + 2 for 
all x in (-a -1, a + 1), so a + 2 is the maximum and minimum value. 

p 

If -1/2 < a < 0, then f has the minimum value a , and if a > 0, then f 

2 

has the minimum value ()• Since a + 2>(a + l) only for 

[-1 --y/53/2 < a < [1 + 5]/2, when a > -1/2 this function f has a 

maximum value only for a < [1 + ]/2 (the maximum value being a + 2) . 

(vi) Bounded above and below. As in part (v), it is assumed that a > -1. 

If a < -1/2 then f has the minimum and maximum value 3/2. If a > 0, 

p 

then f has the minimum value 0, and the maximum value max( a , a + 2). 

If -1/2 < a < 0, then f has the maximum value 3/2 and no minimum 
value. 

(viii) Bounded above and below; maximum value 1; no minimum value. 

(x) Bounded above and below; minimum value 0; the maximum value is a if a 

is rational, and there is no maximum value if a is irrational. 

(xii) Bounded above and below; minimum value 0; maximum value [a]. 
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2. (ii) n = -5, since f(-5) = 2(-5) + 1 < 0 < f(-4). 

(iv) n = 0, since both roots of f(x) = 0 lie in [0, 1]. 

3. (ii) If f(x) = sin x - x + 1, then f(0) >0 and f(2) = (sin 2) - 1 < 0. 

4. (a) Let i = (n - k)/2 and let 

p 0 

f(x) = (x + 1) (x - l)(x - 2) •... • (x - k). 

(b) If f has roots a^,...,a^ with multiplicities m^,...,]^, so that 
k = m^ + ... + m r , then 

m m 

f(x) = (x - a 1 ) •...♦(X - a r ) r g(x) 

where g is a polynomial function of degree n - (m* +m) =n-k 

' l r 

with no roots. It follows from Theorem 9 that n - k is even. 

6. If not, then f takes on both positive and negative values, so f would have 
the value 0 somewhere in (-1, 1), which is impossible, since A - x 2 / 0 
for x in (-1, 1). 

8. If not, then f(x) = g(x) for some x and f(y) - -g(y) for some y. But f is 
either always positive or always negative, since f(x) / 0 for all x. So 
g(x) and g(y) have different signs. This implies that g(z) =0 for some z, 
which is impossible, since 0 / f(z) = + g(z). 
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9. (a) f(x) > 0 for all x / a. For if x Q > a is the point with f(x Q ) > 0, 

and if f(x) <0 for some x > a, then f(z) =0 for some z in the inter¬ 
val between Xg and x; since z / a, this contradicts the hypothesis. 

The proof for x < a is similar. 

2 2 

(b) For y / 0, let f(x) = x + xy + y (to be very explicit, we could use 

f instead of f). Then f(x) / 0 for x / 0 and f(x) > 0 for x = + y, 

y 

so f(x) >0 for all x / 0 by part (a). 

(c) Let f(x) = x^ + x 2 y + xy^ + y^, where y / 0. Then f(x) / 0 for x / 0. 

Suppose y > 0. Then f(y) >0. This implies that f(x) >0 for all 

x > 0; for if f(x) <0, then f(z) =0 for some z in the interval be¬ 
tween x and y, which is impossible since z / 0. Moreover f(-y) <0, 
and the same sort of argument shows that f(x) <0 for all x < 0. On 
the other hand, if y < 0, then f(x) <0 for x > 0 and f(x) >0 for 
x < 0. 

12, (a) Use the proof in the solution to Problem 11, but applied to f and -I, 

(b) Apply the same proof to f and g. 

13. (a) No, f is not continuous on [-1, 1]. 

If a < b are two points in [-1, 1] with a,b > 0 or a,b < 0, then f takes 
every value between f(a) and f(b) on the interval [a, b] since f is 
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continuous on [a, b]. On the other hand, if a < 0 < b, then f takes 
on all values between -1 and 1 on [a, b], sof certainly takes on all 
values between f(a) and f(b). The same argument works for a = 0 or 
b = 0 (because f(0) was defined to be in [-1, ±]) # 

(b) If f were not continuous at a, then (by Problem 6-9(b)) for some 

e > 0 there would be x arbitrarily close to a with f(x) > f(a) + € 
or f(x) < f(a) - €, say the first. We can even assume that there are 
such x's arbitrarily close to a and > a, or else arbitrarily close to a 
and < a, say the first. Pick some x > a with f(x) > f(a) + €. By the 
Intermediate Value Theorem, there is x* between a and x with 
f(x') < f(a) + €. But there is also y between a and x f with 
f(y) > f(a) + €. By the Intermediate Value Theorem, f takes on the 
value f(a) + € between x and x' and also between x ! and y, contradicting 
the hypothesis. 

f (a)+ € 

f (a) 



-I-1-1-1- 

a y x 1 x 
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(c) As in (b), choose > a with f(x^) > f(a) + e. Then choose x^ 1 be¬ 
tween a and x^ with f(x^*) < f(a) + € # Then choose x^ between a and 
x^ 1 with f(x 2 ) > f(a) + e and x^ 1 between a and x^ with 
f(x 2 f ) < f(a) + e. Etc. Then f takes on the value f(a) + € on each 
interval [x^ 1 , x^], contradicting the hypothesis. 

14. (a) This is obvious since |cf|(x) = |c|»|f(x)| for all x in [0, 1]. 

(b) We have 

If + g!(x) = lf(x) + g(x)| < |f(x)j + lg(x)| < |f|(x) + lgl(x). 

If |f + g| has its maximum value at x^, then 

Ilf + el I - If + gl(x Q ) < Ifl(x 0 ) + |g|(x 0 ) < ||f11 + ||g||. 

If f and g are the two functions shown below, then 

I If I I = Nell = I If + g| I =1, so I |f + g| | / I | f | | + | |g| |. (Notice 

that this happens even though we have |f + g|(x) = |f|(x) + |g|(x) 
for all x.) 
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(c) Apply part (b) with f replaced by h - g and g replaced by g - f. 

15. (a) Choose b > 0 so that |0(b)/b 2 1 < 1/2. Then 

b n + 0(b) = b n (l + ^-) > — > 0. 

b 2 

Similarly, if a < 0 and |0(a)/a 2 | < 1/2, then a. n + 0(a) < a n /2 < 0. 

So x n + 0(x) =0 for some x in [a, b], 

(b) Choose a > 0 such that a 11 > 20(0) and such that |0(x)/x n | < 1/2 for 
j x| > a. Then for |x] > a we have 

X n + 0(x) = X n (l + > — > 0(0), 

x 2 2 

so the minimum of x n + 0(x) for x in [-a, a] is the minimum for all x. 


16. If 


let 


n 1 

f(x) = x + a n _i x + •*• + a o j 
M = max(1 9 2nJ a^ ^ \ 9 ... 9 2n|aQ j)• 


Then for all x v/ith |x| > M we have 


i<l + -H^ + ... 

2 — x 



so 
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SI 3. 

| f (x) I = I X n ( 1 + n ~-- + ... + -jj) | > x n /2 . 

X X 

If b > M satisfies |b n | > 2f(0), then |f(x)| > |f(0)| for |x| > b. So 
the minimum value of |f(x)| on [-b, b] is the minimum value on R . 

(Naturally this problem can be generalized exactly as in Problem 15: If 
0 is continuous and lim 0(x)/x n = 0 = lim 0(x)/x n , then there is some 

X-»cx> X-*>-oo 

number y such that |y n + 0(y) | < |x n + 0(x). | for all x.) 

17. Pick b > 0 so that f(x) < f(0) for |x| > b. Then the maximum of f on [-b, b] 
is also the maximum on R . 



18. (a) Apply Theorem 3 to the (continuous) function 

d(z) =vff(z)) 2 + (z - x) 2 , 

which gives the distance from (x, 0) to (z, f(z)), for z in [a, b], 

(b) If f(x) = x on (a, b), then no point of the graph is nearest to the 
point (a, a). 
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(c) Clearly the function d of part (a) satisfies lim d(z) = » = lim d(z), 

Z—• oo Z-» -0° 

since d(z) > |z - x|. Choose c > 0 so that d(z) > d(0) for |z| > c. 

Then the minimum of d on [-c, c] will be the minimum of d on R , 

(d) By definition, g(x) = ^/{f{z)) 2 + (z - x) 2 for some z in [a, b]. Now 

A/(f(z)) 2 + (z - y) 2 < Vff(z)) 2 + (z - x) 2 + |z - y| for all z. 

So g(y), the minimum of all V^(f( z ))^ + (z - y) 2 , is less than or 
equal to |z - y| + the minimum of all >/(f(z)) 2 + (z - x) 2 ', which is 
g(x) + |y - x|. Since |g(y) - g(x)| < |y - x| it follows that g is 
continuous (given € > 0, let 6 = c). 

(e) Apply Theorem 3 to the continuous function g on [a, b], 

(a) If the continuous function g satisfied g(x) / 0 for all x, then either 

g(x) > 0 for all x or g(x) < 0 for all x, i.e., either f(x) > f(x + 1/n) 
or f(x) < f(x + i/n) for all x. In the first case, for example, we 
would have 

f(0) > f(i) > f(|) > ... > f(J) = f(l), 

contradicting the hypothesis that f(0) = f(l). 
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(b) The picture below illustrates such a function f when 1/4 < a < 1/3. 



In general, if l/( n + 1) < a < 1/n, define f arbitrarily on [0, a], 
subject only to the condition that f(0) =0, f(a) >0, and f(l - na) = 
-nf(a). Since l/(n +1) < a < l/n, the numbers 0, 1 - na, and a are 
all distinct, so this is possible. Then define f on [ka, (k + l)a] 
by f(ka + x) = f(x) + ka. In particular, we have f(l) = f(na + (1 - na)) 
= na + f(l - na) = 0, but f(x + a) - f(x) = f(a) >0 for all x. 

20. (a) jf f(a) = f(b) for a < b, then we cannot have f(x^) > f(a) and 

f( x 2 ) < f( a ) for some x^, x^ in [a, b], since this would imply that 
f(x) = f(a) for some x between x^ and x g , so that f would take on the 
value f(a) three times. So either f(x) > f(a) for all x in (a, b), or 
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else f(x) < f(a) for all x in (a, b), say the first. Pick any x Q in 
(a, b). The Intermediate Value Theorem implies that f takes on all 
values between f(a) and f(x Q ) in the interval [a, x Q ] and also in the 
interval [x Q , b]. So we cannot have f(x) > f(a) for x < a or x > b, 
since this would imply that f takes on these values yet a third time 
(on [x, a] or [b, x]). 



So f is actually bounded above on R (since it is bounded on (a, b]), 
which means that f does not take on every value. 

(b) Moreover, even if we allowed the situation wJiere f did not take on all 
values, it would still be true that f actually has a maximum value M 
on R (the maximum on [a, b] will be the maximum on R ). Now f must 
take on this maximum value twice, say at x^ and x^. Pick 
a < x Q < p < y Q < 7. 
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If m is the maximum of f(a), f(0), and f(7), then f takes on all values 
between m and M on each interval [a, x Q ], [x^, 0], [0, x^ and 
[x^, 7 ], which is impossible. 

The following picture, for n = 5j will indicate the general case. 



Pick x ± < ... < x n with f(x ± ) = ... = f(x n ) = a. In each interval 
(x , x ^ + i)> either f > a or f < a. Since n is even, there are sin odd 
number, n - 1, or such intervals, so either f > a in more than half of 
them, or f < a in more than half of them. Thus f > a in at least n/2 
of them, or f < a in at least n/2 of them, say the first. Then f takes 
on all values slightly larger than a at least twice in at least n/2 
intervals. This shows that f cannot take on these values any where 
else, so f is bounded above. (Moreover, the same sort of argument as 
in part (c) shows that f would have to take on values slightly less than 
the maximum value at least 2n times.) 
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1. (ii) 1 is the greatest element and -1 is the least element. 

(iv) 0 is the least element, and the least upper bound is -n/ 2, which is not 
in the set. 

(vi) Since (x: x^ + x + 1 < 0} = ([-1 - [-1 + , the greatest 

lower bound is [-1 - ^5]/2 and the least upper bound is [-1 + v£]/2; 

neither belongs to the set. 

(viii) 1 - i/2 is the greatest element, and the greatest lower bound is -1, 
which is not in the set. 

2. (b) Since A is bounded below, B / Since h jL there is some x in A. 

Then any y > x is not an upper bound for A, so no such y is in B, so 
B is bounded above. Let « = sup B. Then a is automatically > any 
lower bound for A, so it suffices to prove that a is a lower bound for 
A. Now if a were not a lower bound for A, then there would be some x 
in A with x < a. Since a is the least upper bound of B, this would 
mean that there is some y in B with x < y < a. But this is impossible, 
since x < y means that y is not a lower bound for A, so y would not 
be in B. 

3. (a) No. For example, the functions f shown below have no second smallest 

x with f(x) =0. 
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function g(x) = f(b - a + x) satisfies g(a) = f(b) > 0 and g(b) = 
f(a) < 0. So there is a smallest y with g(y) =0. Then x = b - a + y 
is the largest x with f(x) =0. 

(b) Clearly B / /, since a is in B; in fact, there is some 6 > 0 such that 
B contains all points x satisfying a < x < a + 6, by Problem 6-15, 
since f is continuous on [a, b] and f(a) < 0. Similarly, b is an 
upper bound for B, and, in fact, there is a d > 0 such that all points 
x satisfying b - 6 < x < b are upper bounds for A; this also follows 
from Problem 6-15, since f is continuous on [a, b] and f(b) > 0. 

Let a = sup A. Then a < a < b. Suppose f(ot) < 0. By Theorem 
6-3, there is a 6 > 0 such that f(x) <0 for cx-6<x<ot + 6. This 
would mean that a + 6/2 is in A, a contradiction. Similarly, suppose 
f(a) > 0. Then there is a 6 > 0 such that f(x) >0 for 
ot-6<x<a+6. But then a - 6/2 would also be an upper bound for 
B, contradicting the fact that a is the least upper bound. So 
f ( Ql) = 0. 
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This a is the greatest x in [a, b] with f(x) =0. The sets A and 
B are different for the function shown below. 



4. Let c be the largest x in [a, x^] with f(x) =0 and d the smallest x in 
[Xq, b] with f(x) = 0. 



6. (a) By definition of continuity, we have f(a) = lim f(x) for all a, so it 

x —a 

suffices to prove that lim f(x) = 0 (knowing that the limit l exists). 

x-*-a 

Now given € > 0, there is a 6 >0 such that |f(x) - £\ < e for all x 
satisfying 0 < |x - a| < <5. Since A is dense, there is a number x in 
A satisfying 0 < |x - a| < 6; so |0 - t | < €. Since this is true for 
all € > 0, it follows that l = 0. 
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(b) Apply part (a) to f - g. 

(c) As in part (b), it obviously suffices to show that if f is continuous 

and f(x) > 0 for all numbers x in A, then f(x) > 0 for all x. Now 

there is a 6 > 0 such that, for all x, if 0 < |x - a| <6, then 

I f (x) -l I < M |/2. This implies that f(x) <i + M 1/2; if i <0, 
it would follow that f(x) < 0, which would be false for those x in A 
which satisfy 0 < |x - a| <6. 

It is not possible to replace > by > throughout. For example, 

if f(x) = |x|, then f(x) > 0 for all x in the dense set (x: x / 0} , 

but it is not true that f(x) >0 for all x. 

7. According to Problem 3-16, we have f(x) = cx for all rational x (where 

c = f(l)). Since f is continuous, it follows from Problem 6 that f(x) = cx 
for all x (apply Problem 6 to f and g(x) = cx). 

3. (a) The set (f(x): x < a) is bounded above (by f(a)); let 

a = sup(f(x): x < a}. Then lim f(x) = <3; Given any e > 0, there is 

x—a~ 

some f(x) for x < a with f(x) > a - e, since a is the least upper bound 

of (f(x): x < a}. Let 6 = a - x. If a - 6 < y < a, then x < y < a, 

so f(x) < f(y). This means that a > f(y) > a - e, so surely 
|f(y) - «| < e. 
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The proof that lim + f(x) = inf(f(x): x > a} is similar. 

x-* a 

(b) It is clear from part (a) that 

lim _f(x) < f(a) < lim + f(x). 
x-*a” x-*a 

If lim f(x) exists, it follows that 
x—a 

lim f(x) = lim _f(x) < f(a) < lim + f(x) = lim f(x), 
x-* a x — a x-~a x-~a 

so lim f(x) = f(a). Thus f is continuous at a, so f cannot have a 
x—a 

removable discontinuity at a. 


(c) If f is not continuous at some point a, then 

sup(f(x): x < a} = lim f(x) < lim + f(x) = inf(f(x): x > a). 

x—a" x—a 

It follows that f(x) cannot have any value between lim _f(x) and 

x— a~ 

lim f(x), except f(a), so f cannot satisfy the Intermediate Value 
x-»a + 

Theorem. 


9. (a) is obvious for | | | |||, since |cf)(x) = |c|-|f(x)| for all x in [0, 1]. 

(b) We have |f + g|(x) < |f|(x) + |g|(x) for all x in [0, 1]. Since 

|||f + g||| is supf|f + g|(x): x in [0, 1]), there is some x Q in 
[0, 1] with 
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M If + glI! - If + gl(x Q ) < e, 
which implies that 

MIf +gl!| - CIfI(x Q ) + Igl(x Q )] <e. 

Since IfI(x^) < |||fl|| and lgl(x Q ) < !!|g|||, it follows that 

II If + gill - tlllflll + IMglll] < €. 

Since this is true for every € > 0, it follows that !I If + g||I < 

lllflll + IMglll. 

(c) follows from (b), just as in Problem 7-14. 

11. (a) We have a ^< a^/n. Choose n so that 1/n < e/a ± . Then 

a „ < €. 
n+1 x 

(b) Let be the area of region number i in the following figure. 



* 2 ^ 2 ^ ^1 + ^ 2 ^ , 


We must show that 
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or 

This is clear, since = R^. 

(c) Apply part (a) with = area of the circle minus the area of an 

n +i 

inscribed regular polygon with 2 sides; part (b) says that 
a n+l < V 2 * 

(d) Let r^ and r^ be the radii of the two circles and C^, and let 

be the area of the region bounded by C^. We know that there are num¬ 
bers <5^, 6^ > 0 such that 



for any numbers B^, with \A^ - B^l < 6^. By part (c) there are 
numbers n^ such that the area of a regular polygon, with n^ sides, 
inscribed in C.^ differs from A^ by less than <5^. Let be the area 
of a regular polygon inscribed in with max(n^, n^) sides. Then 
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2 2 

Since this is true for each € > 0, it follows that A^/A^ = r ± / r 2 • 

14. (a) For each n and m we have a < b , because a<a < b , < b . It 

v 7 n — m 7 n — n+m — n+m — m 

follows from Problem 13 that sup£a^: n in N }< inf{b n : n in N } . Let 
x be any number between these two numbers. Then a < x < b for all 
n, so x is in every I n . 

(b) Let I n = (0, 1/n). 

1/3 

-(-H)—)-)- 

0 1/4 1/2 I 

15. Let c be in each I . If f( c) < 0, then there is some 3 > 0 such that 
f(x) <0 for all x in [a, b] with |x - cl <6. Choose n with l/2 n < 6. 

Since c is in I , which has total length l/2 n , it follows that all points 

x of I satisfy |x - cl < <5. This contradicts the fact that f changes sign 
on I . Similarly, we cannot have f(c) > 0. So f(c) = 0. 

16. Let c be in each I . Since f is continuous at c, there is a 6 > 0 such 

n 

that f is bounded on the set of all points in [0, 1] satisfying |x - c| < <5. 
Choose n with l/2 n < 6. Since c is in I , all points x of I n satisfy 
|x - c| <6. This contradicts the fact that f is not bounded on I n * 
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(i) 

If x is in A then 

x < a. So y < 

x < a. 

so y < a, so y is in A. 

(ii) 

a - 1 is in A. 




(iii) 

a + 1 is not in A. 




(iv) 

If x is in A, then 

i x < a. Let x' 

= (x 

+ a)/2. Then 


x < x 1 < a, so x 1 

is in A. 




(b) According to (iii) there is some y with y not in A. If y < x, then 
x cannot be in A, because (i) would imply that y is in A. Thus y is 
an upper bound for A, and A / 0, by (ii), so sup A exists. Given x 
in A, choose x' in A with x < x*, by (iv). Then x < x T <_ sup A, so 
x < sup A. Conversely, if x < sup A, then there is some y in A with 
x < y. Hence x is in A, by (i). 


18. (a) Almost upper bounds 


Almost lower bounds 


(i) 

All a 

> 0. 

All a 

< 0. 

(ii) 

All a 

> 0. 

All a 

< 0. 

(iii) 

All a 

> 0. 

All a 

< 0. 

(iv) 

All a 

> VST. 

All a 

< 0. 

(v) 

None. 


None. 


(Vi) 

All a 

> [-1 + v'51/2. 

All a 

< t-1 + 

(vii) 

All a 

> °- 

All a 

< [-1 + 

(viii) 

All Qt 

> 1. 

All a 

< -1. 


v^5]/2. 

V^/2. 
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(b) Every upper bound for A is surely an almost upper bound, so B / 

No lower bound for A can possibly be an almost lower bound (since A 
is infinite), so B is bounded below by any lower bound for A. 


(i). 

(ii), (iii) 0 

(iv) 


(v) 

Does not exist 

(vi) 

[-i + V£]/2. 

(vii) 

0. 

(viii) 

1. 


(d) lim A = sup C, where C is the set of all almost lower bounds. 

(i), (ii), (iii), (iv) 0. 

(v) Does not exist. 

(vi) [-1 + V53/2. 

(vii) [-1 + </b]/2. 

(viii) -1. 

(a) If x is an almost lower bound of A, and y is an almost upper bound, 
then there are only finitely many numbers in A which are < x or > y. 
Since A is infinite, it follows that we must have x < y. Thus 
(Problem 12) lim A < lim A. 



102 CHAPTER 8 


20 . 


(b) This is clear, since lim A < a for any almost upper bound a, and 
a = sup A is an almost upper bound. 

(c) If lim A < sup A, there is some almost upper bound x of A with 

x < sup A. So there are only finitely many numbers of A which are 
greater than x (and there is at least one, since x < sup A). The 
largest of these finitely many elements is the largest element of A. 

(d) Reverse the inequalities in the arguments for parts (b) and (c). 

(a) Notice that we must have f(x) ^ f(sup A), because f is continuous at 

sup A and there are points y arbitrarily close to sup A with 

f(x) < f(y). (A simple e-6 argument is being supressed.) Now 
suppose that sup A < b. Then f(b) < f(x). Moreover, sup A is a shadow 
point, so there is some z > sup A with f(z) > f(sup A) > f(x). We 

cannot have z < b, for this would mean that z is in A. So z > b and 

f(b) < f(x) < f(z), contradicting the fact that b is not a shadow 
point. 

(b) Since f is continuous at a, and f(x) < f(b) for all x in (a, b), it 
follows that f(a) < f(b) (either by a simple e-6 argument, or using 
Problem 6, if you prefer). 

(c) If f(a) < f(b), then a would be a shadow point, so f(a) = f(b). 




3 
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12. (a) a'(t) = L(a(t)) (the velocity at time t should be the velocity allowed 

at the point a(t), where the car is located). 

(b) The hypothesis means that b(t) = a(t - 1). Thus 

b'(t) = a'(t - 1) = L(a(t - 1)) = L(b(t)). 

(c) Suppose b(t) = a(t) - c. Then b'(t) = a'(t) = L(a(t)), whereas b'(t) 
should be L(b(t)) = L(a(t) - c). So B travels at the speed limit if 
the function L is periodic, with period c. 

13. The limit lim h ( a + ~ h ( a ) exists, because 

t —0 1 

l ira h(a + t) - h(a) = lim g(a + t) - g(a) 
t —0 + t t — 0 + t 


= right-hand derivative of g. 
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lim ^- a - + t ) - h ( a ) = llm f(a + t) - f(a) 
t —0" t t —0 _ t 


= left-hand derivative of f, 
and these two limits are equal. 


14. 

f .(0) = lim - f (°) = lim £LHi. 

h—0 h h —0h 


Now 


Kill = 

h 


so lim f(h)/h = 0. 
h—0 



h irrational 
h rational. 


15. (a) Notice that f(0) = 0. Since |f(h)/h| < h 2 /|h| < |h|, it follows that 

lim f(h)/h = 0, i.e., f'(0) = 0. 
h—0 

(b) If g(0) = C and g'(0) = 0, then f'(0) = 0: For |f(h)/h| < |g(h)/h| 

= ltg( h ) - g(0)J/h|, which can be made as small as desired, by choosing 
h sufficiently small, since g'(0) =0. 


16. Since |f(0)| < lOl**, we have f(0) = 0. Now |f(h)/hl < |h| a 

i iQt-1 

lim |h| =0, since a > 1, so lim f(h)/h = 0. Thus f'(0) 

h-0 h—0 


and 

0 . 
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17. |f(h)/h| > |h|^ since P - 1 < 0, the number |hl^~^ becomes large as h 

approaches 0, so lim f(h)/h does not exist, 
h—0 

18. Since f is not continuous at a if a is rational, f is also not differentiable 
at rational a. If a = O.a^a,^... is irrational and h is rational, then 

a + h is irrational, so f(a + h) - f(a) =0. But if 

h = -0.00.. .0 a n+1 a n+2 ***» then a + h = 0 .a^.. .a n 000..., so f(a + h) > 10" n , 

while |h| < 10~ n , so | [f(a + h) - f(a)]/h| > 1. Thus [f(a + h) - f(a)]/h 

is 0 for arbitrarily small h and also has absolute value > 1 for arbitrarily 

small h, so lim [f(a + h) - f(a)]/h cannot exist, 
h—0 

19 . (a) f L a _+ t ) - f ( a ) < Si * ± * ),. - g( a ) < n(a + t) - h(a) r since 

t "t — "t 

f( a ) = g(a) =s h(a). The left and right sides approach the same limit, 
so the middle term must also approach the same limit. 

(b) A counterexample without the condition f(a) = g(a) = h(a) is shown 
below. 


h 
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20. (a) d(x) = f(x) - f(a)(x - a) - f(a) = x^ - 4a^(x - a) - 

= x^ - 4a^x + 3a^* = (x - a) (x^ + ax^ + a 2 x - 3a^) 

2 2 

= (x - a)(x - a)(x + 2ax + 3a ). 

(b) f(x) - f(a) clearly has a as a root, so f(x) - f(a) is divisible by 

x - a by Problem 3-7. This means that [f(x) - f(a)]/(x - a) is a 

polynomial function, so d(x)/(x - a) is the polynomial function 

h(x) = [f(x) - f(a)]/(x - a) - f'(a). Then lim h(x) = 0, by the 

x—a 

definition of f'(a). This implies that h(a) =0, since the (poly¬ 
nomial) function h is continuous. So d(x)/(x - a) has a as a root, 
d(x)/(x - a) is divisible by (x - a), i.e., d(x) is divisible by 
(x - a) 2 . 

22. (a) 

f(x) = lim £ ( , * + h ) . ,- f ( x ) = i im f ( x - h )._. f ( x ) = i im f (. x ) £(* h ). 

h—0 h h—0 -h h-»0 h 

So 

lim £I X ... + , h I. f . ( x - h) = l [lijn f(x + h ) - ,. f(x) + lim f(x) - f(x - h) 3 
h—0 2h 2 h—0 h h—0 h 

= f'(x). 

(b) 

f(x + h) - f(x - k) _ h # f(x + h) - f(x) k # f(x) - f(x - k) 
h + k ~ h + k h h + k # k 


so 
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Since [f(x + h) - f(x)]/h and [f(x) - f(x - k)]/k are close to f'(x) 
when h and k are sufficiently small, this would seem to imply that 


f(x + h) - f(x - k) 
h + k 


is close to 


l h + k h + k 


)f'(x) 




However, some care is required to carry this argument out, for the 
following reason. If h/(h + k) were very large, then 

h f(x + h) - f(x) 
h + k h 


could differ from hf f (x)/(h + k) by a large amount, even if 
[f(x + h) - f(x)]/h differed from f f (x) by only a small amount. It 

will be essential to use the fact that both h and k are positive; 

otherwise h/(h + k) could be made very large by choosing k close to 
-h. In fact, the theorem is false if h and k are allowed to have 

different signs, even when h + k = 0 is not allowed. The proper argu¬ 

ment is as follows. If € > 0 there is 6 > 0 such that for 0 < h < 6 
and 0 < k < 6 we have 

„ f (x + h) - f (x) _ , v . 

-€ < -L-L - f'(x) < 6, 


-e < 


f(x) - f(x - k) _ 


f'(x) < e. 


Since h,k > 0, we can multiply these inequalities by h/(h + k) and 
k/(h + k)respectively. Upon adding we obtain 
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'h + 


JS \ . f(x + h) - f(x - tp 

+ k ; ^ h + k 


h 


+ k h + k 


)f'(x) < €( 


h + k h + k y 


or 


_ e < f ( x + h ) - 
s h + k 


f'(x) < €. 


This proves the required l imi t.. 


23. If g(x) = f(-x), then g'(x) = -f'(-x), by Problem 8(b). But also g(x) = f(x), 
so g'(x) = f'(x), so f'(x) = -f'(-x). 



24. If g(x) = f(-x), then g'(x) = -f'(-x). But also g(x) = -f(x), so g'(x) 
= -f’(x), so f'(x) = f'(-x). 



25 . f( k ) is even if k is even and f is even, or if k is odd and f is odd; f^ 


is odd in the other two cases. 
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26. (ii) f"(x) = 20x . 

(iv) f”(x) = 20(x - 3) 3 . 


27. Proof by induction on k. The result is true for k = 0. If 

c U), x x _ n! n-k 
S n (x) " (n - k)» ’ 


then 


s ( k+1 )fxl - nI(n ~ X n " k_1 
n W _ (n - k)l 

_ nl n-(k+l) 

" [n - (k + 1)JT 


28. (a) Since 


f(x) = 


x > 0 
x < 0, 


we have f 

f'(x) = 


3x , x > 0 
2 


f"(x) = 


6x, x > 0 

-6x, x < 0, 


-3x , x < 0 

k. 

Moreover, f'(0) = f"(0) = 0. But f'"(0) does not exist 


(b) 

f'(x) = 


The same sort of reasoning shows that 
/ 




4x^, x > 0 
-4x 3 , x < 0 


f"(x) = 


12x , x > 0 

-12x 2 , x < 0 


and that f'(0) = f"(0) = f"'(0) = 0, but that f (4) (0) does not exist. 


f'"(x) = { 


24x, x > 0 
-24 x, x < 0 
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29 . Clearly f^ k ^(x) = n!/(n - k)x n_lc for 0 < k < n - 1 and x > 0, while 

f^^(x) =0 for all k if x < 0. From these formulas it is easy to see that 

f^(0) = 0 for 0 < k < n - 1. In particular, f( n-1 )( x ) = nix for x > 0, 

and f^ n_1 )(x) = 0 for x < 0. So f^ n ^(0) does not exist, since lim nlh/h 

h-*0 + 

= ni, while lim 0/h = 0. 
h-*0 - 

30. (ii) means that f'(a) = -1/a 2 if f(x) = 1/x. 

(iv) means that g'(a) = cf'(a) if g(x) = cf(x). 

(vi) means that f'(a 2 ) = 3a^ if f(x) = x^. 

(viii) means that g'(b) = cf'(cb) if g(x) = f(cx). 

(x) means that f^(a) = ki a n_lc if f(x) = x n . 
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1. (ii) 
( iv) 
(vi) 


(viii) 


2 

cos x + 2x cos x . 

cos(sin x)’cos x. 

x cos(cos x)(-sln x) - sin(cos x) 

2 

X 

cos(cos(sin x))•(-sin(sin x))*cos x. 


2. (ii) 3 sin 2 (x 2 + sin x)*cos(x 2 + sin x)*(2x + cos x), 

2 3 _3 ~,.2 


(iv) cos 


fc£?) 


(cos X 3 ) 3x 2 + x 3 sin x 3 • 3x" 

2 3 
COS X 


(vi) 31 2 (cos x) 31 _1 -(-sin x). 

(viii) 3 sin 2 (sin 2 (sin x))•cos(sin 2 (sin x))-2 sin(sin x)-cos(sin x)-cos x. 

(x) cos(sin(sin(sin(sin x))))•cos(sin(sin(sin x)))•cos(sin(sin x)) 

•cos(sin x)•cos x. 

(xii) 5((x^ + x) 3 + x)^«[l + 4((x 2 + x) 3 + x) 3 {1 + 3(x + x) [1 + 2x]}]. 

(xiv) cos(6 cos(6 sin(6 cos 6x)))-6(-sin(6 sin(6 cos 6x))-6 cos(6 cos 6x) 

♦ 6(-sin 6x)*6. 
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3. See page 263 of the text. 

4. (ii) cos(sin x). 

(iv) 0. 

5. (ii) (2x) 2 . 

(iv) 17-17. 

6. (ii) f'(x) = g'(x-g(a)).g(a). 

(iv) f'(x) = g'(x)(x - a) + g(x). 
(vi) f'(x) = g'((x - 3) 2 )-2(x - 3). 
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8. (ii) (k.of)'(0) = k'(f(0))-f'(0) = 0. 

9. By definition, 

f'(0) = lim f ( X ) " ° 
x—0 x 

= lim g(x) sin l/x < 
x—-0 x 

Now 

lim BL*1 = i im g( x ) - . sm 

x-*0 x x—0 x 

= g'(0) = 0. 

Since |sin l/x| < 1, it follows that f'(0) = 0 (as in Problem 5-19)• 

11. (a) The Chain Rule and Problem 9-3 imply that 

f'(x') = --- • -2x 

X 

Vl - x 2 

(b) The tangent line through (a, a/i" - a 2 ) is the graph of 

g(x) -- - a (x - a) + - a 2 . 

■/l - a 2 
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So if f(x) = g(x), then 

= ~ a (x - a) + Vl - a 2 . 

\A - a 2 

Squaring yields 

1 - x 2 = — ■ (* — - 2a(x - a) + 1 - a 2 . 

1 - a 

Multiplying through by 1 - a , and multiplying out, everything reduces 
to 

2 2 

-x - a = -2ax, 

2 

i.e., (x - a) =0, so x = a. Notice that the same argument shows that 
g does not intersect the graph of f(x) = - - x 2 , which is the 

bottom half of the unit circle. 


12. The graph of the function 


f(x) 




is the top half of the ellipse which consists of all points (x, y) 
satisfying 



Now 



x^ 


a 


2 


f f (x) = 
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If the tangent line through (c, \ys/± - c^/a^) intersects the graph of f at 
x, then _ 


" i>c — -«)+1>/i - %• 


The easiest way to solve this equation is to use the following trick:. If 
we let x' = x/a and c' = c/a, then the equation becomes 


( 1 ) 


or simply 


" (*') = ' p~ b ll' a .) ==■ (X* - c 1 ) • a + b^/l - (C) 2 , 




>A - (x ’) 2 = 


7i - (c-) 2 


(X* - c' ) 


+ v4 - (c*) 2 . 


The solution to Problem 11 shows that x* = c 1 , so x = c. 
For the hyperbola, we consider 


f(x) = b/ -5 - 1 . 
a 


Then 


f(x) = 


bx 


2/2 

a /x 


/2 2 

so if the tangent line through (c, bvc /a - 1) intersects the graph at x. 


then 
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( 2 ) 



Squaring equations (1) and (2) produces the same result, so the solutions 
of (2) are also x = c. 


13. No. For example, g might be -f. 

If f(a) / 0 and f*g and f are differentiable at a, then g is differentiable 
at a. 


14. (a) Since f is differentiable at a, it is continuous at a. Since f(a) / 0, 
it follows that f(x) / 0 for all x in an interval around a. So 
f = |f! or f = -|f| in this interval, so j f| f (a) = f f (a) or |f|*(a) 

= -f ! (a). (It is also possible to use the Chain Rule, and Problem 

9-3: |f| = so 

Id '(*)- - - * 2f(x)f(x) 

2VT(x) 2 


(b) Let f(x) = x - a. 
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(c) This follows from part (a), since max(f, g) = [f + g + |f - g|]/2 and 
min(f, g) = [f + g - |f - g |]/2. 

(d) Use the same example as in part (b), choosing g = 0. 

15. The proof is by induction on n. For n = 1, Leibnitz's formula is Theorem 4. 
Suppose that for a certain n, Leibnitz's formula is true for all numbers a 
such that f( n ^(a) and g^ n ^(a) exist. Suppose that f^ n+ ^(a) and g^ n+ ^(a) 
exist. Then f^ n ^(x) and g^ n ^(x) must exist for all x in some interval around 
a. So Leibnitz's formula holds for all these x, that is, 

(f-g) (n) (x) = ^)f (k) (x).g( n - k )(x) 

for'all x in some interval around a. Differentiating, and using Theorem 4, 
we find that 


(f.g)( n+1 )(a) = Z | 

[k)( f(k) .g (n " k) )'( a ) 


k=0 


n 

= 2 ( 

[M[f (k+1 )(a)g( n - k )(a) + 

f< K >(a)g< n+1 - K >(a)] 

k=0 


n+1 

= 2 
k=l 

( k ? t ) f (k) (.) 8 (n+1 - K >(a) 

+ I (k) f(k, (a)g (n+1 " S) (a) 

n+1 
= 2 
k=0 

(n + f (k) (a)g (n + l-k) (a , 

by Problem 2-3(a). 
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16. The formulas 
(fog)'(x) = f'(g(x)).g'(x), 

(fog)"(x) = f"(g(x))-[g'(x )f + f'(g(x))*g"(x), 

(fog) (x) = f'"(g(x))-[g'(x)] 3 + 2f"(g(x))•g'(x)•g"(x) + f"(g(x))-g'(x)*g"(x) 

+ f , (g(x))-g'"(x), 

lead to the following conjecture: If f^ n ^(g(a)) and g^ n ^(a) exist, then 
(fog)^ n ^(a) exists and is a sum of terms of the form 

c-[g'(a)] 1 *...•(g^ n ^(a)] n • f^(g(a)), 

for some number c, non-negative integers m^,...,m n , and natural number 
k < n. To prove this assertion by induction, note that it is true for 
n = 1 (with a = m^ = k = 1). Now suppose that for a certain n, this asser¬ 
tion is true for all numbers a such that f^ n ^(g(a)) and g( n ^(a) exist. 

Suppose that f( n+1 )(g(a)) and g( n+1 )( a ) exist. Then g^^(x) must exist for 
all k < n and all x in some interval around a, and f^(y) must exist for all 
k < n and all y in some interval around g(a). Since g is continuous at a, 
this implies that f^(g(x)) exists for all x in some interval around a. 

So the assertion is true for all these x, that is, (fog)^ n ^(x) is a sum of 
terms of the form 

C’[g*(x)] 1 *...*[g( n )(x)] n ’f( k )(g(a)), m 1 ,...,m n >0, 1 < k < n. 
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Consequently, (fog)(a) is a sum of terras of the form 

c-M„[g'(a)) mi -....[g ( “>(a)] m “' 1 -...-[g (n) (a)]” n -f (ll) (8(a)) 


m o > 0 


or 


•tg'(a)] 1 *...*tg^(a)] n .f( k+ 1 )(g(a)) 


17. (a) We can choose 


n+1 n 

ax a .x 

z v n , n-1 

g(x) = - —z— + - + 

' n + 1 n 


a ± x 


2 + a Q x + c 


for any number c. 


(b) Let 


-1 -2 
b x b,x 

g(x) = _f- + ~ 2 ~~ + 


b x 
m 


-m+1 


-m + 1 


(c) No, the derivative of f is 


1 b l 2b 2 

f' (x) = na x n “ + ... + a.- 2 - 3 

x x J 


mb 


m 


* * m+1 

x 


18. (a) Let g be a polynomial function of degree n-1 with precisely n-1 

roots (as in Problem 4-7(d))j then g = f' for some polynomial function 
f of degree n (Problem 17 ). 

(b) Proceed as in part (a), starting with a polynomial function g of degree 
n -1 with no roots (notice that n - 1 is even). 
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(c) We can proceed as in part (a), or simply note that f(x) = x n has the 
desired property. 

(d) Proceed as in part (a), starting with a polynomial function g of degree 
n - 1 with k roots (this exists by Problem 7-4). 

2 

19. (a) If a is a double root of f, so that f(x) = (x - a) g(x), then f'(x) 

p 

= (x - a) g'(x) + 2(x - a)g(x), so f'( a ) = 0* Conversely, if f(a) = 0 
and f'(a) = 0, then f(x) = (x - a)g(x) for some g, and f'(x) 

= (x - a)g'(x) + g(x), so 0 = f'(a) = g(a); thus g(x) = (x - a)h(x), 
so f(x) = (x - a)^h(x). 

(b) The only root of 0 = f•(x) = 2ax + b is x = -b/2a, so f has a double 
root if and only if 

*2 h 

0 = f (-b/2a) = a(-2—) + b(—) + c 
4a 2a 

4a 

2 

or b - 4ac = 0. Geometrically, this is precisely the condition that 
the graph of f touches the horizontal axis at the single point -b/2a 
(compare with Figure 22 in Problem 9-20). 
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20. Since d'(x) = f'(x) - f'(a), we have d'(a) = 0. So a is a double root of d. 

21. (a) Clearly f will have to be of the form 

n 

f(x) = n (x - x,) 2 (ax + b) 

J=1 J 

(because each x,, j / i is a double root, by Problem 19). It there- 
J 

fore suffices to show that a and b can be picked so that f(x^) = a^ 

and f , (x i ) * b ± . If we write f in the form f(x) = g(x)(ax + b), then 

we must solve 

(g(x i )x i ].a + g(x 1 ) -b = & i 

[g»(x i )x i + g(x 1 )]*a + = b ± . 

These equations can always be solved because 

[g(x i )x i ]-g'(x i ) - [g'(x i )x i + g(x i )]g(x i ) = [g(x ± )] 2 fi 0. 

(b) Let fj^ be the function constructed in part (a), and let 
f = + ... + f R . 

22. (a) If g(a) and g(b) had different signs, then g(x) would be 0 for some x 

in (a, b), which Implies that f(x) - 0, contradicting the fact that a 


and b are consecutive roots. 
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(b) We have 

f'(x) = (x - b)g(x) + (x - a)g(x) + (x - a) (x - b)g'(x), 

SO 

f'(a) = (a - b)g(a), 
f'(b) = (b - a)g(b). 

Since g(a) and g(b) have the same sign, f'(a) and f'(b) have different 
signs. So f'(x) =0 for some x in (a, b), since f is a continuous 
function. 



(c) Since 

f'(x) = m(x - a)" 1 " 1 (x - b) n g(x) + (x - a) m n(x - b) n_1 g(x) 
+ (x - a) m (x - b) n g'(x), 

we have 

h(a) = m(a - b)g(a). 


h(b) = n(a - b)g(b) 
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so h(a) and h(b) have different signs, so h(x) = 0 for some x in 
(a, b), which implies that f'(x) =0. 


23. 


f(0) . 11m f ( h > - f (°> 

h-*0 h 

, n» h 3l n ) - ° 

h—0 h 


= lim g(h) = g(0) 
h—0 


since g is continuous at 0, 


24. Let 


g(x) = 






x / 0 


f'(0), x = 0. 


Then f(x) = xg(x) for all x, and 


g(0) = f * (0) = lim f ( 01. = lim g(x), 

x-*0 x x—0 


so g is continuous at 0. 


25. The proof is by induction on k. For k = 1 we have 

-n-1 


f'(x) m -nx" 

( .1 (n + 1 - 1)1 -n-1 


for x / 0. 
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Suppose that 


f (k) (x) = (-l) k < n ( + k *' n ' k r x / 0. 

Then 

f( k+1 >(x) = (-l) k ( ~ n ' m x“ n_k_1 


/ i\ k+1 (n + k)l -n-(k+l) 
'~ X) (k - 1)1 


for x / 0 


26. If x = f(x)g(x), then 1 = f'(x)g(x) + f(x)g'(x). In particular 
1 = f'(0)g(0) + f(0)g»(0) = 0, a contradiction. 


27. (a) Using Problem 25 and the Chain Rule, we obtain 

f (K) («) = (-1)* < n ( ; * (X ■ a)'"' 11 for*/a. 


(b) Since 


f<*> - -4 - 

X - 1 x - 1 x + 1 


we obtain, using part (a). 


f (k) (x) = Ll^LlL±^-=JlL [{x _ 1} -n-k _ (x + !)- n - k ] 


28, 29• The formulas 
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f(x) 

m . 1 

= x sm — 

X 



f'(x) 

m-1 

= mx 

sin — • 

X 

m- 

- X 

-2 1 
cos —, 
X* 

f'(x) 

= m(m - 

\ m-2 
l)x 

sin 

1 m-3 

— - mx 

X 


- 

m-4 . 1 

x sin — 

X 



= m(m - 

*3 

1 

ro 

sin 

- + (2 - ; 
x v 

f'"(x) 

= m(m - 

l)(m - 

2)x m “ 3 sin i 


m -3 1 m -4 . 1 

ic cos — - x sm —< 
X X 


+ (m - 3)(2 - 2m)x ra- ^ cos — + (2 - 2m)x m_3 sin — 

X X 

, hx m -5 . 1 m-6 1 

(m - 4 )x sm — + x cos —* 


suggest the following conjecture: If f(x) = x m sin 1 /x, for x / 0 , then 


Plc-1 

(k)z \ m-k 1 " t m-i . 1 m-i 1. . 

(x) = ax sin ~ + 2 (sux sin — + b^x cos —) +/ 

X i=k+1 x * x 


\ f m-2k . 1 

x sm —> k even 
x 


, ro-2k 1 
lx cos —> k odd 
x 

\ 


for certain numbers a, a^, b^. Once this conjecture is made, it is easy to 

check it by induction. In fact, differentiating the first term yields 

fi/ _ . x v m -(. 1 m-(k+2) 1 

a(m - k)x v ' sm — - ax v 1 cos —* 

X X 

2k+l 

and the second half of this expression can be incorporated in the sum 2 

rk+i) i=k+2 

appearing in the desired expression for f v '(x). Similarly, differentiating 


the last term yields 
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f± (® - 2k)x m -( 2k+1 ) s m i 7 x »-2(k+l) cos i, 

|+ (m - 2k)x m_ ^ 2k+1 ) cos - + x m - 2 ( k+1 ) sin I, 
V. x — x 


k even (k + 1 odd) 
k odd (k + 1 even). 


and the first half of each expression can be incorporated in the sum 


2k+l 
Z . 


i=k+2 


Finally, 


each term 


appearing in the sum 


2k-l 

Z 


yields upon differentiation two 


terms that can be 


incorporated in the 


new sum 


2k+l 
2 . 
/=k+2 


It follows, in particular, that if m = 2 n, then f( k )(x) always has a 
factor of at least x 2 for k < n (while the remaining factor is bounded in an 
interval around 0 ). So if we define f( 0 ) = 0 , then 


f'(0) = lim & h ? ~ f (°) 
h-»0 h 

= iiiM = o, 
h—0 h 


since f(h) has a factor of at least h 2 ; 


consequently, if 2 < n, then 

f"(0) = lim - f ’(0) 

h—0 h 

= lim m = o, 

h—0 h 


since f'(h) has a factor of at least h 2 ; 


consequently, if 3 < n, then f"'( 0 ) = 0 , etc. This argument (which is really 
another inductive argument) shows that f'( 0 ) = ... = f( n )(o) = 0 . On the 
other hand, f^ ^(x) is a sum of terms which do have a factor of at least x 2 . 
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together with + sin 1/x or + cos 1/x, so f^ n ) is not continuous at 0. 

/ lr\ 2 

If m = 2 n + 1 , then f v '(x) always has a factor of at least x for 
k < n, so f'(0) = ... = f( n )(0) = 0, but f^ n ^(x) is a sum of terms which do 

p 

have a factor of at least x , together with + x cos 1 /x or + x sin 1 /x. It 
follows that f( n ) is continuous, but not differentiable, at 0. 


30. t 11 ) <Ix = "iy ’ lx = ( cos y)*(“ sin x ) = cos(cos x)• (-sin x). 

(iv) H = if * S = < cos v )(~ sin u )( cos x ) * cos(cos(sin x)) 


•(-sin(sin x))*cos x 
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h 

1. (ii) f'(x) = 5x +1=0 for no x; 

f(-l) = -1, f(l) = 3; 

maximum = 3, minimum = -1. 

2 | 

(iv) f'(x) = - ( 5 * + 1 ) = 0 for no x; 

(x 5 + x + 1) 

f(- 1 / 2 ) = 32 / 15 , f(l) = 1 / 3 ; 
maximum = 32/15, minimum = 1 / 3 . 

c 

(Notice that g(x) = x 3 + x + 1 is increasing, since g'(x) = 5 x + 1 > 0 
for all x; since g(-l/2) = 15/32 > 0, this shows that g(x) / 0 for all 
x in [-1/2, 1], so f is differentiable on [-1/2, 1].) 

(vi) f is not bounded above or below on [0, 5]. 

2. (i) - 4/3 is a local maximum point, and 2 is a local minimum point. 
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Then 


aj = |x - a i l + ly - x| 

for 

i < 3 - 1 

a i | = |x - a i l - |y - x| 

for 

i > J + 1 


f(y) = f(x) + ly - xl*{(j - 1) - (n - j)} 
= f(x) + ly - x|* {2j - n - 1). 


(c) 


This shows that f decreases until it reaches the 

then increases. The minimum occurs at a, . . 

(n-l)/2 

whole interval f a n ^/ 2 » a n/2 + 1^ n is even * 


"middlemost a^" and 
if n is odd and on the 




We have 


f(x) = 


( 1 
1 - X 

1 

< 1 + X 
1 

1 + X 

V 


+ 

+ 


+ 


1 

1 + a - x* 

_ 1 _, 

1 + a - x 

1 

1 + x - a* 


x < 0 
0 < x < a 


a < x 
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4 . (ii) 

(iv) 


so 


f'(x) = 


(1 - x) 2 (1 + a - x) 2 

-1 1 


2 2 
(1 + x) (1 + a - x) 


^(1 + x) 2 (1 + x - a) 2 


x < 0 
0 < x < a 

a < x. 


Thus f is increasing on (-», 0 ] and decreasing on [a, »), so the 
maximum of f on [ 0 , a] is the maximum on R . If f'(x) = 0 for x in 
(0, a), then 

(1 + x) 2 - (1 + a - x) 2 = 0, 
whose only solution is x = a/ 2 . Since 

f (l) ‘ tth < fri ■ f <°> 

the maximum value is (2 + a)/(l + a). 


All irrational x are local minimum points, and all rational x are local 
maximum points. 

All 1 /n for n in N are local maximum points, and all other x are local 


minimum points. 




/ 


n odd 


:ritical point, then f would have to be 


s a local maximum point 
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11 . Let f(x) = r(x)/s(x) for polynomial functions r and s. It is possible that 
r and s have a common root a, but in this case r(x) = (x - a)r 1 (x) and s(x) 

= (x - a)s 1 (x) for certain polynomial functions r^ and s^j^ (Problem 3 - 7 ). 

This means that f(a) is undefined but that f(x) = r 1 (x)/s^(x) for x / a (and 
s^(x) / 0 ). After factoring out all common linear factors of r and s, we 
find that the graph of f consists, except for a finite number of points, of 
the graph of 


g(x) = 


V" + Vi *"' 1 + . ptxi. 


, m m-1 

b x + b .x + 
m m-1 


+ b r 


'o <*(*) 

where p and q have no common roots. The function g is defined at all points 
a except those with q(a) =0 (of which there are at most m). Near such a 
point a the graph of g looks like (a), (b), (c), or (d). 
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depending on the sign of p(a) and whether a is a local maximum or minimum 
point for q or whether q is increasing or decreasing in an interval around 
a. Since 

g.(x) = q(x)p'(x) - Eteifll fc l 
[q(x)] 2 

and qp f - pq* is a polynomial function of degree at most m + n, there are at 
most m + n local maximum and minimum points. On the intervals between these 
points and the points of discontinuity, g is either increasing or decreasing. 
The behavior of g(x) for large x or large negative x has been discussed in 
Problems 5-30 and 5 - 32 . 

(a) This follows from Problem 3-7 and the fact that the difference of the 
two polynomial functions has degree at most max(m, n). 

(b) If m > n, let f^ be a polynomial function which has m roots, and let 
f(x) = f^(x) + x n and g(x) = x 11 . 

(a) The polynomial function f f , of degree n - 1 , has k roots, and no 
multiple roots, since f"(x) / 0 when f»(x) = 0 . It follows from 
Problem 7-4 that n - 1 - k is odd. 

(b) Since n - 1 - k is even, there is a polynomial function g of degree 

n - 1 with exactly k roots. Let f be a polynomial function of degree 
n with f 1 = g (Problem 10 - 17 ). 
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Let l = k ± + k 2 and let < a^_ ± < ... < a. ± be all the local maximum 
and minimum points. On the intervals between these points f is either 
decreasing or increasing. Since lim f(x) = °°, the function f must 

x—°o 

be increasing on (a^, <»). Thus a^ must be a local minimum point. 
Consequently, f must be decreasing on (a^, a^), which shows that a^ 
must be a local maximum point. 



Continuing in this way we see that a fc is a local minimum point if k is 

odd and a local maximum point if k is even. 

Now if n is even, then a, must be a local minimum point, since 

£ 

lim f(x) = oo. Thus l must be odd, so a^,a^,. ## ,a^ are the local 

X -♦—oo 

minimum points, and a 2 ,...,a^ ^ are the local maximum points. Con¬ 
sequently k^ = k± + 1 . If n is odd, then a must be a local maximum 
point, since lim f(x) = -<». The same sort of reasoning then shows 

X -*-oo 

that k^ = k^. 
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(<*) 


The hypotheses imply that n - 1 - (k^ + k 2 ) is even. Let 

i=[n-l-(k 1 + k 2 ) ]/ 2 , and choose a polynomial function f of 

P £ 

degree n with f' as in the hint. Since (1 + x ) >0 for all x, it 

follows that f'(x) >0 for x > a and that the sign of f' 

+ K 2 

changes as we go from (a^, a ± ) to (a^, a ± _ 1 ). Thus a fe + R , 

a. j. i, o> • • • are local minimum points and a 

+ k 2 “ ^ + k 2 - l 

a k + k 3,... are local maximum points. 


15 . (a) Apply the Mean Value Theorem to f - g: If x > a, then 

?.(*) - g(x) = f(x) - g(x) - [f(a) - 6(a)] 
x - a x - a 

= f'(y) - g'(y) > 0 for some y in (a, x). 

Since x - a > 0 , it follows that f(x) - g(x) >0. Similarly, if 
x - a < 0, then f(x) < g(x). 

(b) An example is shown below. 



18 . (a) 


The position at time t is 




CALCULUS 


141 


((v cos a)t, -l6t 2 + (v sin <s)t). 

If cos a = 0 , so that the cannon ball is shot straight up, then these 

points all lie on a straight line. If cos a / 0 , then the set of all 

such points is equal to the set of all points 

2 

(t. - —- + (tan o)t), 

' • v cos a v ' '' 

so the path of the cannon ball lies on'the graph of 

l6x 2 

f(x) = —- + (tan a)x, 

v ’ v cos a v 

which is the graph of a parabola. 

The cannon ball hits the ground at time t > 0 when 

0 = -l6t 2 + (v sin a)t, 

or t = (v sin a)/l6 (of course we consider only a > 0 ). It has then 
traveled a horizontal distance of 


v x v sin a 

d(a) = (v cos a). —- 


v sin a cos a 
” 16 

Now d(a) is a maximum at that a for which 

2 

o = d'(a) = [cos 2 a - sin 2 a]. 


Since only positive o are considered, a is a 45 ° angle. 


so tan Qt = + 1* 
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19. 


(a) Such a function f is pictured below. As an explicit example we can 
take f(x) = (sin x 2 )/x. Then lim f(x) =0, but 

x—oo 


f’(x) = 


2 2 2 
2 x sin x - sin x 


^ , 2 sin x 

- 2 sin x - -^' 


so lim f ! (x) does not exist. 

X-»oo 


A/v* » 


(b) Let l = lim f'(x). If l >0, then there would be some N such that 

-X—oo 

If *(x) - i\ < \t |/2 for x > N. This would imply that f'(x) > Ml/2. 


But that would imply, by the Mean Value Theorem, that 

for x > N, 


f(x) > f(N) + LL-z J! L 


which would mean that lim f(x) does not exist. Similarly, lim f f ( x ) 

X —oo X —•oo 

cannot be < 0. 


(c) Let l = lim f ,f (x). If ^ > 0, then, as in part (a), we have lim f f ( x ) 

X -♦oo X 

= oo. Another application of the Mean Value Theorem shows that 
lim f(x) = oo, contradicting the hypothesis. Similarly, lim f"(x) 

X—+oo X —•oo 

cannot be < 0. 
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(d) A similar proof shows that if lim f(x) and lim f^ k ^(x) exist, then 

x ~°° (k) x ~°° 

lim f'(x) = lim f"(x) = ... = lim f' '(x) = 0 . 
x—■» x—« X — “ 


20. If g(x) 0 for all x in (a, b), then the function h(x) = f(x)/g(x) is dif¬ 
ferentiable on (a, b), and by hypothesis 

h ./ X ) = g( x ) f, ( x ) z-H j sI mUjsI = o 

tg(x )] 2 

This means that f/g is constant on (a, b), so f = c*g on (a, b) for some 
c / 0, Since f and g are continuous, it follows that f(a) = c*g(a), so 
g(a) = 0 , contradicting the hypothesis. 


21. We have 

f(x) = lim f (y) - - f ( x ) . 
y—x y-x 


Now 


f(y) - f(x) 

y - x 


. / v n-1 

< (x - y) , 


and lim (x - y) n_1 = 0, since n - 1 > 0. Consequently f'(x) = 0 for all x, 

y—x 

so f is constant. 


22. Let 


a i x 

f(x) = ax + -5- + 


a x n+1 
n 

n + 1* 
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Then f(0) = 0, and f(l) = 0 by hypothesis. Rolle's Theorem Implies that 
for some x in (0, 1) we have 

0 = f(x) = a 0 + a ± x + ... + a n x n . 

2 3. If f m ( x 0 ) = f m ( x ± ) = 0 for x 0 < in [0, 1], then f m '(x) = 0 for some x 
which is in (x^, and hence satisfies 0 < x < 1. But 

f m '( x ) = 3x 2 - 3 = 3(x 2 - 1), 
s ° f m'^ x ^ = ® onl y for x = + 1. 



24. Problem 7-11 shows that there is at least one x. Suppose there were two, 
X 0 ^ x i* The Mean Value Theorem, applied to [x^, x^, would imply that 


f'( X ) = 


f( x i) - f( x n) 
X 1 " x 0 


X 1 - x 0 
X 1 " x 0 


= 1 


for some x in [Xg, x^], contradicting the hypothesis. 
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25 . Suppose that f"(x) < 4 for all x in [ 0 , 1 / 2 ]. Then, by the Mean Value 
Theorem, for all x in [ 0 , 1/2] we have 

~ (X £ I ; ,(0) = f "( x ') -for-Some x* in [0, x] 

< 4 , 

so f'(x) < 4 x. Applying the Mean Value Theorem again, we have 

- J (0) = f '( x ') for some x' in (0, x) 

< 4 x' < 4 x, 

so f(x) < 4 x^. Consequently f(l/2) < 1/2. 

The same sort of analysis can be applied to f on [ 1 / 2 , 1] if f"(x) < -4 
for all x in [ 0 , 1 / 2 ], It is a little more convenient to introduce the func¬ 
tion g(x) = 1 - f(l - x ), which satisfies g(0) =0 and g"(x) = -f"(l _ x ) < 4 
for x in [ 0 , 1 / 2 ], As we have just shown 

1/2 > g( 1/2) = 1 - f (1/2), 

so f(1/2) > 1/2, contradicting the result found before. 

(The result of this problem can actually be strengthened: |f"(x)| >4 
for some x in [ 0 , 1 ]. To prove this we first note that we cannot have 

f”(x) =4 for 0 < x < 1/2 and also f"(x) = -4 for 1/2 < x < 1, since this 

would imply that f'(x) = 4 x for 0 < x < 1/2 and f'(x) = -4x for 1/2 < x 1, 
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in which case f"(l/2) would not exist. On the other hand, if we have 
f"(x) < 4 for all x in (0, 1/2) but f"(x) < 4 for at least one x, then we 
have f"(x) < 4x for at least one x, and consequently for all larger x in 
(0, 1/2), and therefore f(x) < 4x 2 for these x, so that f(l/2) < 1/2; if we 
also had f"(x) > -4 for all x in (1/2, 1), then f(l/2) > 1/2, a contradiction.) 


26. If g(x) = f(xy), then 

g'(x) = yf'(xy) 



So there is a number c such that g(x) = f(x) + c for all x > 0. Now 

f(y) = 6(1) = f(l) + c = c, 

so g(x) = f(x) + f(y). 


27. Suppose f(a) = f(b) =0. If x is a local maximum point of f on (a, b), then 
f’(x) =0 and f"(x) < 0; from the equation 

f”(x) + f'(x)g(x) - f(x) = 0 

we can conclude that f(x) <0. Similarly, f cannot have a negative local 
minimum on (a, b). 
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28. If f(x^) = 0 for < x 2 < • • • < x n +i> tilen f'(x) = 0 for some x in each of 
the n intervals (x i , x^ +1 ). Consequently f"(x) = 0 for n - 1 numbers x, 
etc. (In other words, we are all set up for a proof by induction.) 

30. This is a trivial consequence of the Mean Value Theorem because if we define 

lim + f(y), x = a 

y—a 

g( x ) = < f(x), a < x < b 

lim f(y), x = b, 

then g is continuous on [a, b] and differentiable on (a, b) and g'(x) = f'(x) 
for x in (a, b), so there is some x in (a, b) with 

f*(x) = g'(x) = eO 3 ) r .... e( a ) . 

31. We have 

tf(b) - f(a)]g'(x) = f'(x)[g(b) - g(a)]. 

If g'(x) = 0, then f'(x)[g(b) - g(a)] = 0. But this contradicts the assump¬ 
tion that g(b) / g(a), and the fact that f'(x) / 0 (since g'(x) =0). 

32. Let 

h(x) = f(x)g(b) + g(x)f(a) - f(x)g(x). 

Then 


h(a) = h(b) = f(a)g(b) 
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so by Rolle's Theorem there is some x in (a, b) with 

0 = h'(x) = f'(x)g(b) + g'(x)f(a) - f'(x)g(x) - f(x)g'(x), 
or 

f '( x )tg(b) - g(x)] = g'(x)[f(x) - f(a)]. 

Since g'(x) / 0 for all x in (a, b), we also have g(b) ^ g(x) for x in (a, b) 
(otherwise Rolle's Theorem, applied to the interval [x, b] would imply that 
g'(x) = 0 for some x' in (x, b).) 


35. Since g(0) =0, and g is continuous at 0, 
by l'Hopital's Rule 


we have lim g( x) 
x— 0 


0. Therefore, 


f(0) = iirnt^l = lim^fl 

x —0 x x —0 yT 

= lim = lim . S'( x ) _ 8'(°) = g M( 0 ) = H. 

x—0 2x x—0 2x 2 

(The limit lim g f (x)/2x could also be found by l'Hopital's Rule*) 
x—0 


36. (a) Use exactly the same proof as for l'Hopital's Rule, but consider only 
x in (a, a + 6) or in (a - 6, a), respectively. 

(b) Again the proof of l f Hopital's Rule will work, almost verbatim. (It 

is tempting to apply l'Hopital's rule to g/f: Since lim g*(x)/f'(x) 

x —a 

= 0, it follows that lim g(x)/f(x) = 0. Unfortunately, this implies 

x—-a 

only that lim |f(x)/g(x) | = «.) 
x—a 
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37. 


(c) Since lim + f(l/x) = lim f(x) =0 and lim g(l/x) = lim g(x) =0, part 
(a) implies that 

11. Itil . im m /* ) , li* -(i /« 2 )f'(i/x) 

x—»g(x) x —0* g(i/x) x—0 + -(l/x 2 )g'(l/x) 

, iim urn, 

X —oo g»(x) 

(d) Similar to part (c), using the case x-*a + of part (b) instead of part (a), 


(a) For anye > 0 there is some a such that 


f . '( x ) . £ 

. / \ “ * 


6 '(*) 


< € 


for x > a. 


This means, in particular, that g f (x) / 0 for x > a; it follows that 
g(x) - g(&) / 0 for x > a (by Rolle f s Theorem). Therefore the Cauchy 
Mean Value Theorem can be written in the form 

i(x) g(a) = i7(77f for some x ' in x >* 

Since x' > a, the desired inequality follows. 


(b) 


f(*) = f(x) - f(a) f(x) 

e( x ) 6(x) - g(a) ’ f(x) - f(a) 


g(x) - g(a) 
e(x) 


We have 
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where f(x) - f(a) ^ 0, g(x) / 0 for large enough x, since lim f(x) 

x-* 00 

- lim g(x) = » # These limits also imply that 

X —oo 

lim -- = i iro $(*) ~ 6(*) = !. 

x—.<» f(x) - f(a) x— 00 g(x) 


It follows that f(x)/g(x) can be made as close as desired to 
[f(x) - f(a)]/[g(x) - g(a)] by choosing x large enough. Together 
with part (a), this shows that 


£1x1 

g(x) 


< 2£ 


for sufficiently large x. 


38, One other form of l'Hopita^s Rule will be used in later problems: If 
lim f(x) = lim g(x) = oo and lim f^xj/g^x) = then lim f(x)/g(x) = oo. 

X-»oo X -♦oo X —X-^oo 

To prove this, apply Problem 37 to g/f: Since lim g f (x)/f ! (x) = 0, we have 

X—oo 

lim g(x)/f(x) = 0. This implies (as we remarked in the solution to Problem 

X— oo 

36) that lim |f(x)/g(x) | = 00 # Since lim f(x) = lim g(x) = oo^ we can con- 

x —00 x—« 

elude that lim f(x)/g(x) = 

X—00 

39. (a) Since a is a minimum point for f on [a, b], for all sufficiently small 

h > 0 we have 

f(a + h) - f(a) 

h 2 u ’ 

this implies that f'(a) > 0. The proof that f'(b) < 0 is similar. 
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(b) Part (a) shows that we cannot have the minimum of f at a or at b, since 
we are assuming that f'(a) < 0 and f f (b) >0. So the minimum occurs 

at some point x in (a, b). Then f*(x) =0. 

(c) Let g(x) = f(x) - cx. Then g T (a) = f f (a) - c < 0 and g ! (b) = f f (b) - c 
> 0. So by part (b), 0 = g'(x) = f'(x) - c for some x in (a, b). 

40. If f(a) / 0, then continuity of f implies that f=|f| or f = -|f| in some 
interval around a, so f is differentiable at a. If f(a) = 0, then a is a 
minimum point for |f|, so |f | *(a) = 0. This means that 



h—0 h 


This equation also says that f f (a) =0. 

41. (a) If f(x Q ) = 0 for some x Q / 0, then Rolle f s Theorem would imply that 

0 = f 1 (x) = nx 11 " 1 - n(x + y)^ 1 for some x in (0, x Q ) or (x Q , 0). 

But this means that x 11 " 1 = (x + y) n ”^ for y / 0, which is impossible, 
since g(x) = x 11 ” 1 is increasing (n - 1 is odd). 

(b) Let f(x) = x n + y n - (x + y) n . Then f(0) = f(-y) =0. If f were zero 
at three points a < b < c, then Rolle’s Theorem could be applied to 
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[a, b] and [b, c] to prove that there are two numbers x with 
0 = f 1 (x) = nx n-1 - n(x + y) n_1 ; 

but this equation holds only for x = -(x + y), or x = y/2 (Problem 1-7). 

42. The tangent line through (a, a 11 ) is the graph of 

/ \ n-i, N n 
g(x) = na (x - a) + a 

n-1 , A v n 
=na x+(l-n)a. 

If g(x^) = f(Xg) for some x^ / a, then Rolle f s Theorem may be applied to 

g - f on the interval [a, x Q ], or [x Q , a]: 

0 = g ! (x) - f f (x) = na 11 " 1 - nx 11 ’ 1 for some x in (a, x^) or (x Q , a). 

This is impossible, since x / a and n - 1 is odd, so a n ~^ / x 31 * 1 . 

43. The tangent line through (a, f(a)) is the graph of 

g(x) = f'(a)(x - a) + f(a) 

= f f (x)x + f(a) - af'(a). 

If g(x^) = f(Xp) for some x^ ^ a, then 

0 = g ! (x) - f'(x) = f*(a) - f f (x) for some x in (a, x Q ) or (x Q , a). 

This is impossible, since f 1 is increasing. 
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44. Since 


g,(*) . - flal . 

x 


it suffices to show that 


xf'(x) - f(x) > 0, 


or 


f'(x) 

Now the Mean Value Theorem, 

Kjs! _ f(x) - f(Q) 

x x - 0 


>fl£i for x > 0. 

applied to f on [0, x], shows that 

= f’(x') for some x' in [0, x] 

< f'(x), since f* is increasing. 


45. Let g(x) = (1 + x) n - (1 + nx). Then g(0) =0, but 

g'(x) = n(l + x) n_1 - n. 

Since n - 1 > 0 this means that 

g'(x) < 0 for -1 < x < 0, 

> 0 for x > 0. 

Thus g(x) >0 for -1 < x < 0 and 0 < x. 


46. (a) 0 is actually a minimum on all of R , since f(0) =0 and f(x) > 0 for 


all x. 
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h-»0 h 


and 

f'(h) = 4h 3 sin 2 (l/h) - 2h 2 sin(l/h) cos(l/h) 


for h / 0. 



= 0 . 


47. (a) Since f' is continuous, f'(x) > 0 for all x in some interval around a, 
so f is increasing in this interval. 

(b) We have 

1 1 
g«(x) = 2x sin - - cos -• 

So g'(x) = 1 when cos 1/x = 1 (and consequently sin 1/x = 0), and 
g*(x) = -1 when cos 1/x = -1. 

(c) We have f f (x) = a + g'(x), so f f (x) > 0 when g r (x) = 1, and f'(x) < 0 
when g ! (x) = -1. 
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48. 


(a) We have 


so 


, . 2 sin y 

g(y) = - —- - cos y. 


g'(y) - & cos y ; 5 sln y - sin y. 


So if g'(y) = 0, then 


or 


0 = 2y cos y - 2 sin y + y sin y. 


(1) cos y . 2-S , in r g -y sin y , , ln y ( ^ 




Hence 


(2) g(y)= 2-^.s lny (-Z) 

/ 2 2 - y 2 \ 

\y " 2y / 

2 ' 


= sin y 

= sin y 


(^) 


(b) Moreover, from (1) we have 


2 2 2 (2 - v 

1 - sin y = cos y » sin y (— 


2x2 




SO 


. 2 1 
sin y = 


4y‘ 


T7 ' 
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CHAPTER 11 


so, by (2), 

|g(y) | = I sin y | 


2 + y 


2y 


I 2y 1 2 + y 2 = 2 + y 2 

/-IT* l 2y l /-4* 

V 4 + y V4 + y 


(c) We have 

f'(x) = 1 + g(l/x). 

Now we clearly have g(y) <0 for arbitrarily large y (since g(y) is 
practically -cos y for large y), so for arbitrarily large y we have 

s(y) < - 2 = < - i 

by part (b). Thus f'(x) < 0 for arbitrarily small x, while we also 
have f f (x) > 0 for arbitrarily small x. 

(d) We have 

f'(x) = a + g(l/x). 

For sufficiently large y we have g(y) > - a. So for sufficiently small 
x we have f f (x) >0. 


49. (a) If the minimum of f on [b, 1] occurred at some c with b < c < 1, then 
f would clearly not be increasing at c, since we would have f(x) > f(c) 
for all x < c sufficiently close to c. Now if 0 < a < b < 1, then the 
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minimum of f on [a, 1] is a, so f(a) < f(b). To obtain the strict 
inequality f(a) < f(b), pick some a' with a < a' < b such that 
f(a') > f(a) (this is possible since f is increasing at a); then 
f(a) < f(a') ^ f(b). 

(b) Let a = sup S^. If b < y < a, then there is some x in with y < x. 

Therefore f(y) > f(b). Moreover, since f is increasing at a, we have 
f(a) > f(x) for x < a sufficiently close to a, so f(a) > f(b). This 
shows that a is actually in sup S^. Now if a < 1 there would be a 

6 > 0 such that f(x) > f(a) for a < x < a + 6. This shows that all 

such x are in S^, contradicting the fact that a = sup S^. So 
a = sup S^ = 1. So f(y) > f(b) for all y > b. 

(c) For sufficiently small h we have 

f(a + h) > f(a) if h > 0, 

f(a + h) < f(a) if h < 0. 

This implies that 

f(a + h) - f(a) 

h > 

which implies that 

f' (a) = lim f ( a — > 0. 

h —0 



158 CHAPTER 11 


(d) Since f'(a) >0, for sufficiently small h we have 

f(a + h) - f(a) 
h 

This implies that f(a + h) > f(a) for h > 0 and f(a + h) < f(a) for 
h < 0. 

(e) Part (d) implies that f is increasing at a for all a in [0, 1], so 

part (a) implies that f is increasing on [0, 1]. 

(f) If e > 0, then g'(a) = f'(a) + e = e > 0 for all a in [0, 1], so g is 

increasing on [0, 1] by part (e), so f(l) + e > f(0), or 

f(l) - f(0) > - e. Similarly, h is increasing on [0, 1], so 
e - f(l) > - f(0), or f(l) - f(0) < e. Thus |f(l) - f(0)| < e. Since 
this is true for all e > 0, it follows that f(l) = f(0). (Of course, 
the same argument, applied to [a, b], for 0 < a < b < 1, shows that 
f( a ) = f(b).) 

50. Let a = sup A, where A = (x in [x^, bj: f(y) = f(x^) ^ or V in f x Q» x ^)* 

It is clear that f(a) = f(x Q ), since f is continuous and there are x arbi¬ 

trarily close to a with f(x) = f(xQ). It is also easy to see that f(y) 

= f(x Q ) for all y < a. So a is in A. If a < 1, then there is a 6 >0 such 

that f(x) < f(a) for a < x < a + <5, since a is a local maximum point. But 
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f(o) = f(x Q ), the minimum value of f on [a, b]. So f(x) = f(o) for 
a < x < a + 6. This implies that all such x are in A, a contradiction. 

So f(x) = f(x Q ) for all x in (x Q , b], A similar proof shows that f(x) 

= f(x Q ) for all x in [a, x Q ]. 

(a) The local strict maximum points are the rational numbers. 

(b) Let x be a point in all intervals I = [a , b ]. Since the points x 

are chosen to be distinct, x = x^ for at most one n. Since x is a 

local strict maximum point, there is a 6 > 0 such that x is a strict 

maximum point for f on (x - 6, x + 6). But I is contained in 

(-x - 6, x+6) for all sufficiently large n; choose such an n for 
which x ^ x . Then f(x) > f(x^), since I is contained in 
(x - 6, x+6), while f(x n ) > f(x), since x is in 1^. 




APPENDIX 


1 . (i) 


(ii) 


"(x) = 6x - 2 > 0 for x > 1/3. 



f"(x) = 20x^ + 1 > 0 for x > - 1/ ^‘^20. 
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f concave 
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(iii) f"(x) = 36x 2 - 48x + 12 = 12(3x 2 - 4x + 1) = I2(3x - l)(x - 1) >0 for 
x < 1/3 or x > 1. 



(iv) We have 

f»(x) = ~( x ^ + x + 20x 3 + (5x^ + 1) 2(x 3 + x + 1H5X 2 * + 1) 

(x 3 + x + 1) 

_ g (x 3 + x 4- l)[(5x^ + l) 2 - 10x 3 (x 3 + x 4- 1) ] 

~ ^ 5 

( x ^ + X + 1 ) 

= —- 2 -I 5 X 8 - 10x 3 + 1]. 

(x 5 + x + 1) 

To determine the sign of f"(x) it suffices to determine the sign of 

g(x) = 15 x® - 10x 3 + 1. 

Now 

g'(x) = 120x^ - 30x 2 = 30x 2 (4x 3 - 1). 

So g'(x) = 0 for x = 0 or x = 1/4. We have g(0) =1 and 

S (VV4) = (Vv4) 3 [15-J - 10] + 1 



162 CHAPTER 11, APPENDIX 


= ( 




+ 1 


< 0 , 


since ^/i/64 > 4 / 25 . So 6 attains its (negative) minimum value at 
VVT. Moreover, since h(x) = 4x 5 - 1 is increasing, g'(x) > 0 for 
x > 1/4 and g'(x) < 0 for x < 5 ^/1/4. So g is decreasing on 

(-o®, ^y/l/4] and increasing on »)• 



Consequently, g has two zeros, both in [0, 1], since g(l) > 0. It 
follows that if a is the unique root of x^ + x + 1 = 0, then f"(x) < 0 
for x < a, but f"(x) > 0 for all x > a except those x in a certain 
interval contained in (0, 1). Thus the graph of f is convex on (a, «), 
except for a bump lying over some interval contained in (0, 1). 
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(v) We have 


f"(x) 



(x 2 + l ) 3 


[x 3 + 3x 2 - 3x - 1 ] = 


2 o 

-5 -(x - l)(x + 4x + 1 ) 

r A \ 


(X + !)■ 


" ~T -3 ( x - 1 )( x - t- 2 + ^3])(x - [-2 - 733), 

(x + 1) J 

so f"(x) > 0 for -2 - V3 < x < -2 + Vj and x > 1. 



so f"(x) > 0 for x > 1 and -1 < x < 0 . 




164 CHAPTER 11, APPENDIX 



2. If f(0) =0, the graph looks like the following. 



3. Two such functions are shown below. 
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4. The points in (x, y) are precisely those of the form tx + (1 - t)y for 

0 < t < 1. In fact, if 0 < t < 1, then 

x = tx + (1 - t)x < tx + (1 - t)y < ty + (1 - t)y = y, 

and conversely, if x < z < y, then 

z = tx + (1 - t)y for 0 < t = ^ _ * < 1. 

Definition 2 thus shows that f is convex if and only if 

i 

f(tx + (1 — t)y) - f(x) f(y) - f(x) ; 

tx + (1 - t)y - x y - x 

which is equivalent to 

f(tx + (1 - t)y) < tf(x) + (1 - t)f(y). 


5. If a < x < h, then f(a) < f(x) < f(b), so 
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g(f(x)) - g(f(a)) g(f(b)) - g (f(a)) 

f(x) - f(a) < f(b) - f(a) 

and consequently, 

g(f(x)) - g(f(a)) = g(f(x)) - g(f(a)) < f(x) - f(a) 

x - a f(x) - f(a) x - a 

< g(f(b)) - g( f( a ) ) . f(b) - f(a) 

^ f(b) - f(a) b - a 

g(f(b)) - e( f(a)) 
b - a 

(If f and g' are differentiable, a simpler proof can be given: (gof)' 

= (g'of) *f' is increasing because g'of is increasing (since g' and f are), 
and f* is increasing and positive.) 

6. Choose x > 0 so that f(x) < f(0). The Mean Value Theorem implies that there 
is some x Q in (0, x) with f'(x Q ) < 0. If we had f'(y) < f'( x 0 ) for a11 
y > Xq, then for all x > Xq we would have 

f(x) - f(Xg) < f'(Xg)(x - x q)» 

which would imply that f(x) is eventually negative (since f'( x 0 ) < 0). There¬ 
fore f^x^) > f'(Xg) for some x^ > Xq. 
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This implies that the minimum of f' on [0, x^ occurs at some x in (0, x ± ). 
Then f"(x) = 0. 

7. (a) This follows from Problem 4 with t = 1/2. 

(b) The assertion is true for n = 1, i.e., k = 1/2. Suppose that for some 
n it is true for all x and y. If k = m/2 n+1 is in lowest terms, then 
k is odd. Consequently k^ = (m - l)/2 n+1 and kg = (m + l)/2 n+1 can be 
expressed in the form a/2 n , so the assertion is true for k ± and kg. 
Notice also that k = (k ± + kg)/2. From the result for k ± and kg, and 
the assertion for n = 1 applied to x' = k^x + (1 - k^)y and y' 

= kgX + (1 - kg)y, we obtain 

f(« 4 (1 - *)y) - . Hfi 

k ± f(x) + (1 - k ± )f(y) kgf(y) + (1 - kg)f(y) 

< - 2 - + 2 

= kf(x) + (1 - k)f(y). 

(c) Let 0 < t < 1. For any c > 0 there is a number k of the form m/2 n 
which is so close to t that 

|f(kx + (1 - k)y) - f(tx + (1 - t)y) | < €, 

| [kf(x) + (1 - k)f(y) ] - [tf(x) + (1 - t)f(y) ] I < e. 
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Then 

f(tx + (1 - t)y) < f(kx + (1 - k)y) + € 

< kf(x) + (1 - k)f(y) + € 

< tf(x) + (1 - t)f(y) + 2€. 

Thus f(tx + (1 - t)y) < tf(x) + (1 - t)f(y). The following diagram 
shows that if strict inequality holds for even one t, then it holds 
for all t (by applying the weak inequality to x and tx + (1 - t)y or 
to tx + (1 - t)y and y). 



But we have strict equality for t of the form m/2 n , so we must have 
strict inequality for all t. 

8. (a) Let x Q and x^ be the smallest and largest x^ Then 

x « - 1 f 1 V. < ¥i i £ Vs - V 
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n-1 

(to) Part (a), applied to p ± /t,... ,P n _ ± /t, shows that (1/t) P^ lies 

between the smallest and largest of so it certainly lies 

between the smallest and largest of 

(c) Jensen's Theorem is true for n = 1. Suppose it is true for n-1. 
Then by Problem 4 we have, since p R = 1 - t. 


?( S p ± X ± ^ = f(t.(l/t)^ p iXi + (1 - t)x n ) 

< t f(V (p./t)x i V (1 - t)f(x n ) 

\i=l ' 

< t \ f ( x i) + P n f ( x n) 

i=l t 


n 


= S P^xJ. 

i=l 


(The same sort of proof shows that strict inequality holds for n > 1 
(begin by checking that strict inequality holds for n = 2).) 


9- (a) 


As the proof of Theorem 1 shows, 
h -* 0 + , so 

V<*) - * i? - f(,J ■ 

+ h—0 


[f(a + h) - f(a) ]/h 
inf{ f C + y - f C) , 


is decreasing as 

h > 0}. 


This inf exists because each quotient [f(a + h) - f(&)]/h for h > 0 is 
greater than any one such quotient for h < 0. Similarly, 
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f _ 1 ( a ) 
(b) 


f_'(a) = sup{ f ( a + ^ f ^ a ) : h < Oj.. 

The relation f_ f (a) < f_ j _ , (a) is obvious from the previous considera¬ 
tions. The functions f 1 and f * are increasing, because if a < b, 
then (as in the proof of Theorem 1; see Figure 6) we have 
< f + '(a) < !L '± (» : ;)) - f (»> , f(b ± (« - b)) - f(b) < f _, (b) ^ f+ 


If b < a, then as in part (a) (with a and b interchanged) we have 
f + -(b) < f_'(a) < f + '(a). 

If f * is continuous at a, then lim f 1 (b) = f '(a), so we must have 

b —a + . 

f .'( a ) = V( a ). 

To prove the converse, we first show that f ' will always be 
continuous on the right, i.e., 

lim + f + '(b) = f + '{a). 
b — a 

In fact, for any e > 0 we can choose c > a so that 

< v<» * - 


(b). 
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Since f '(a) exists, f satisfies lim f(b) = f(a) (as a matter of fact, 

b—a 

f is continuous at a even if f + '(a) does not exist; see Problem 11). 

So we can choose b > a close to a with f(b) as close to f(a) as 
desired. Thus we can choose b > a so that 


Therefore 



< f + '(a) + 2 € . 


This shows that f ' is continuous on the right. 

It remains to show that if f + '(a) = f '(a), then f ' is continuous 
on the left at a. Given 6 >0, choose c < a so that 
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10 . 


f + '(a) - e = f_' (a) - e < Z l SL Z f( c ) . 



Then if c < b < a, the secant line through (b, f(b)) and (a, f(a)) lies 
between the tangent line at a and the secant line through (c, f(c)) and 
(a, f(a)), i.e., 



This shows that lim f '(b) = f '(a). 

b—a" + + 


Let e > 0. Pick some x Q > a. Notice that no matter what value f(x Q ) may 
have, the line segment between (a, f(a)) and (>: Q , f(x Q )) eventually lies 
below the horizontal line at height f(a) + e. Since the graph of f must 
lie below this line on (a, x^), this shows that f(x) < f(a) + e for all 
x > a sufficiently close to a. A similar argument works for all x < a 
sufficiently close to a. 
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S.C. 



It remains to show that f(x) > f(a) - € for all x sufficiently close 
to a. If f(x) > f(a) for all x there is nothing to prove, so suppose that 
f(Xg) < f(a) for some x^ with Xg > a, say. Then we must have f(x) > f(a) 
for all y < a, because of convexity, so all y < a certainly satisfy 
f(y) > f(a) - e. Moreover, if we pick some y^ < a, then the line segment 
between (y^, f(yg)) and (a, f(a)) lies above the horizontal line at height 
f(a) - € in some interval to the right of a. Since the graph of f must lie 
above this line to the right of a, it follows that f(x) > f(a) - € for all 
x > a sufficiently close to a. 



M. 


I 
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11. Lemma , Suppose f is convex on R and a < b. If f(a) < f(b), then f is 
increasing on [b, «) 9 and if f(a) > f(b), then f is decreasing on (-«, a]. 

Proof , Consider the case f(a) < f(b) (the proof in the other case is similar, 
or one can apply this first case to g(x) = f(-x),) 

If b < d, then the definition of convexity shows immediately that we 
cannot have f(d) < f(b). Moreover, if b < d^ < d^, then the same argument 
shows (since we now know that f(b) < f( d^)) that f(d^) < f(d 2 )* Thus f is 
increasing on [b, «). 

With the aid of this lemma we can now prove the theorem. Since f is 
not constant, there is some a < b with f(a) / f(b). We consider only the 
case f(a) < f(b). We already know from the lemma that f is increasing on 
[b, oo) . Suppose now that the minimum of f on [a, b] occurs at some c in 

(a, b). 
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Then f is decreasing on (-«>, a] by the lemma. Moreover, if a 1 is any number 
with a < a* < c, then we must have f(a f ) > f(c) (if we had f(a') = f(c), then 
f(x) < f(c) for x in (a 1 , c), contradicting the fact that c is the minimum 
point). So the lemma also implies that f is decreasing on (-«, a 1 ] for all 
such a f . This shows that f is decreasing on (- 00 , c]. Similarly, f is 
increasing on [c, «,). 

On the other hand, suppose that the minimum of f on [a, b] occurs at 
a. The same sort of reasoning as before shows that f is increasing on 
[a, co). There are then two possibilities. It may happen that f(d) > f(a) 
for some d < a. 



In this case, the minimum of f on [d, a] occurs at some c with d < c < a. 
The same reasoning as before shows that f is decreasing on (-°°, c] and 
increasing on [c, „). It may also happen that f(d) < f(a) for all d < a. 
Then we may apply the results already proved (for a < b) to d < a: If the 
minimum of f ever occurs at a point c in (d, a), then f is decreasing on 
(- 00 , c] and increasing on [c, °°), but if the minimum is always at d, then 
f is increasing cn [d, «) for all d, so f is increasing. 
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1. (ii) f -1 (x) = xV3 + i. (if y = f _1 (x), then x = f(y) = (y - 1) 3 , so 


y = 1 + x 1//3 .) 


(iv) 


| ( -x) 1//2 , X < 0 

I (1 - x) 1/3 , X > 1. 


(If y = f -1 (x), then 

x = f(y) 


-y 2 , y > o 

i - y 3 , y < o. 


Since -y 2 <0 if y > 0 and 1 - y 3 > 1 if y < 0, we have y = (-x) 1 / 2 
for x £ 0 and y = (1 - x)^ 3 for x > 1.) 
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(vi) f^x) 


Thus 


and 


-1 

x - [x/2] for [x] even. (If y = f (x), then 

x = f(y) = y + [y] 

= y + n for n < y < n + 1. 

2n < x < 2n + 1, 


y=x-n=x- [x/2].) 



(viii) 


f -i + 


kx c 


2x 


f _1 (x) = 


0, 


x / 0 


x = 0. 


(If y = f -1 (x), then x = f(y) = y/(l - y 2 ). So xy 2 + y - x * 0. If 
x » 0, then y = 0. If x / 0, then 


y = 


-1 


+ 


7L + 4x 2 
2x 


or 


y = 


-1 - 


Vi + 4x 2 
2x 


The first possibility is the correct one, since x and y must have the 
same sign.) 



178 CHAPTER 12 


2. (i) 



(ii) 




(iii) f" is decreasing and f (x) is not defined for x < 0. 
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6. (b) If h(x) = 1 + x, then g = hof, so g -1 = f'^h" 1 , so g -1 (x) = f -1 (x - 1). 

-1 -1 

It is also possible to find g directly: if y = g (x), then x = g(y) 

= 1 + f(y), so y = f -1 (x - 1).) 


8. (ii) Any interval [a, b], since f is increasing. 

(iv) Those intervals [a, b] which are contained in (-», 0] or [-1, 1] or 
[0, »). (See the graph in the answer to Problem ll-2(v).) 
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-1 

9. Apply Theorem 5 to f 


10. (a) Let f = g , where g(x) = -x D - x. Notice that g is one-one, since 

4 

g'(x) = -5x - 1 < 0, and that g takes on all values. So f is defined 

on R , and for all x we have 

x = g(f(x)) = -[f(x)] 5 - f(x). 

/ 

Moreover, f is differentiable, since g*(x) / 0 for all x. 

(b) 

f'(x) = (g -1 )'(x) = -- by Theorem 5 

«•(«(*)) 

_ 1 = _ 1 

g’(f(x)) -5tf(x)] 4 - 1 


(c) Differentiating both sides of 

[f(x) ] 5 + f(x) + x = 0 

yields 

5[f(x)] 4 • f'(x) + f'(x) +1 = 0, 

SO 


f(x) = 


1 + 5tf(x)] 
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11 . 


(a) f(x) = Vi - x 2 and f(x) = - \/l - 


(b) There are no functions with this property. 

(c) Let 


g ± ( x ) 

g 2 ( x ) 

6 3 ( x ) 


/ 

X < -1 

g(x) for ^ -1 < x < 1 
x > 1. 



equation x = g(y) = y 3 - 3y. This can be done, but only with great 


difficulty; see Chapter 24.) 
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It is not hard to see that any continuous function f satisfying 

[f(x)] - 3f(x) = x, and defined on an interval, must be (part of) 

some f^. For such a function f satisfies g(f(x)) = x; this equation 

implies that f is one-one (Problem 3-23) and that f coincides with g 
-1 -1 

on the domain of f . But the domain of f is an interval, and the 
only intervals on which g is one-one are contained in (-», -1) or 
(-1, 1) or (1, oo). 


2 2 

(a) Differentiating both sides of [f(x)] + x =1 yields 


2f(x)f'(x) + 2x = 0, 


or 


f'(x) = 


f(x) 


(b) This equation is true for 
f(x) 
and 


= Vl - x 2 . 


in which case f l (x) = 


-x 


n 


x) = -\X - X 2 , 


in which case f ! (x) = 


Vl - x 2 


Vl - X 2 


-X 

f(x)’ 


-X 

f(x) 


(c) We have 


3[f(x) j f * (x) - 3f 1 (x) = 1, 


so 
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f'(x) = 


3(if(x)r - i) 


13. Consider a differentiable function f which satisfies 

[f(x)]^ + [f(x)] 3 + x f(x) = 1; 


then 


4[f(x) ] 3 f'(x) + 3tf(x)] 2 f'(x) + f(x) + xf'(x) = 0, 


f»( x ) - -~ f ( x )-• 

4[f(x)] 3 + 3[f(x)] 2 + x 


16. (ii) P -1 (3) = -1, since P(-l) = h(0) = 3. So 

1 1 


(P _1 )*(3) 


p'(-l) 

1 

h'(0) 


sin (sin 1) 


(The answer is not surprising, since the equation p(x) = h(x + 1) 


implies that = h” 1 - 1.) 


18. As in Problems 10-16 and 10-28, the main difficulty is in formulating a 

.1 <*) 

reasonable conjecture for the form of (f ) (x). Ii Is not hard to prove 
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the following assertion by induction on k: If f^^(f”^(x)) 
non-zero, then 


1 (k) 

(f ) (x) = 


A(x) 


[f'(f _1 (x)) ] 


-.m 


exists, and is 


for some integer m, where A(x) is a sum of terms of the form 
[f , (f' 1 (x))] 1 -...-[f (l) (f" 1 (x))] £ . 


19. (a) Suppose f is increasing and g is decreasing, and f(a) = g(a). If 
a < b, then 

S(b) < g(a) = f(a) < f(b), 

and similarly if b < a. 

(b) Appropriate functions f and g are shown below (to be explicit we can 
take g(x) = x and f(x) = [x] + Vx - [x] (Problem 4-15)). 



(c) Appropriate functions f and g are shown below. (Using the exponential 
function from Chapter 17, we can define f(x) = e X and g(x) = -e X , but 
at the moment explicit definitions would be awkward.) 



/ 
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20. (a) The geometric idea behind the proof is indicated below: If f(a) > a, 
then f(f(a)) = a < f(a). Since f(a) > a, and f(b) < b for some b 
(namely, f(a)), it follows that f(x) = x for some x in [a, b]. 



(b) 


Let f be any decreasing function on 
> a, and define 


g(x) = 




(- 08 , a] which takes on all values 

x < a 
x > a. 
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(c) If f(x) < X, then x = f _1 (f(x)) < f _1 (x) = f(x), a contradiction. 

Similarly, we cannot have f(x) > x. 

21. The functions with this property are precisely the one-one functions, because 
reflecting through the antidiagonal is the same as reflecting through the 
vertical axis, then reflecting through the diagonal, and finally reflecting 
through the vertical axis again. 


\ 

\ • - 

\ 


\ 

/ 

? 

/ 

( \ 

/ 

\ 

/ 

\ 

/* 

\ 


If a more analytic proof is desired, notice that the reflection of 
(a, b) through the antidiagonal is (-b, -a). Thus if (a, f(a)) and 
(b, f(b)) are two points in the graph of f, we require that (-f(a), -a) 
and (-f(b), -b) should not have the same first coordinate if a / b. In 
other words f'(a) and f(b) must be different. So f must be one-one. 

22. (a) Since f is not increasing, there is some x < y with f(x) < f(x). 

Since f is nondecreasing, if x < z < y, then f(x) < f(z) f(y) < f( x ). 

So f(x) = f(z) = f(y). 
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I 



23. (a) The idea behind the proof is indicated in the figure below. On the 

interval [n, n + 1], let g be the linear function with g(n) = f(n + 1) 
and g(n + 1) = f(n + 2). 



(b) On the interval [n, n + 1] let g be the linear function with g(n) 
* f(n + l)/(n + 1) and g(n + 2) = f(n + 2)/(n + 2). 
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3. (a) Problem 2-6 shows that 

n 

2 k P 
k=l 


(b) 


,P+1 


1 A B 

pTT + n + ~2 + * 
n 


which can clearly be made as close to l/(p + 1) as desired by choosing 
n large enough. 


We have 


b p+1 

L < f " P n> "Vi 


U(f, P n ) = 


,p+l 


n' p+1 
n r 


n ‘ 1 c 
2 \C 

k=0 

n 

2 k P 


Part (a) shows that L(f, P n ) and U(f, P ) can be made as close to 
D*4*l 

b /(p + 1) as desired by choosing n sufficiently large. As in 

b 

Problem 1, this implies that / x° dx = b P+ /(p + 1). 

0 


4. (ii) / f = 0. 
0 


(iv) f is not integrable. 

(vi) f is integrable; a rigorous proof can be given in several ways, using 
various problems in this chapter, for example Problem 15. (Presumably, 
the integral of f is 


188 
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1 , 1/1 lx , 1/1 lv . 

2 + 2'2 ” 3 ' + 3^3 V + 


At the moment we do not even know that an infinite sum means, let alone 
how to work with them, but the following likely looking manipulations 
are actually valid: 


1 . 1/1 lx , 1/1 lx 

2 *** 2^2 ~ 3 *** 3^3 If' 



1 1 

“ • • • 

2*3 3-4 

1 _ 1 _ 

2 2-3 3'4 

111 

( l72 + 2^3 + 3^5 + 


From the fact that 


). 


1 , , 1 _n_ 

1*2 n(n + 1) " n + l’ 

derived in Problem 2-5, we might guess that 

111 
1*2 2-3 I 7 ? _ 

2 

The other infinite sum happens to equal 7 r /6 (hut we will not get to 
a proof of this fact anywhere in the text), so the integral of f is 
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7. The first inequality is a special case of Problem 8-13, and the second inequal¬ 
ity follows from the fact that (f(x 1 ) + g(x g ): t i _ 1 < x g < t ± } contains all 
numbers in (f(x) + g(x): t ± _ ± < x < t i ), and possibly some smaller ones. 

8. (a) If L(f, P) = U(f, P) for even one partition P, then each m i = so 

f is constant on each [t^ t^]. Since these closed intervals overlap, 
f must be constant on all of [a, b]. 

(b) If L(f, P ± ) = U(f, P g ) and P contains both P ± and P 2 , then 

L(f, P 1 ) < L(f, P) < U(f, P) < U(f, P 2 ) = L(f, P ± ), so L(f, P) = U(f, P). 

It follows from part (a) that f is constant on [a, b], 

(c) Only constant functions. For suppose f is not constant on [a, b], and 

let m be the minimum value of f on [a, b]. Since f(x) > m for some x, 

and since f is continuous, we can choose a partition P = 

of [a, b] so that f > m on some interval [t i _ 1 , t^]. Then nu > m, so 
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L(f, P) > m(b -a). On the other hand, if Q is the partition 
Q = {a, b}, then L(f, Q) = m(b - a). 

(d) If f is integrable on [a, b] and all lower sums are equal, then f 

takes on the value m * inf{f(x): a < x < b} at a dense set of points 
in [a, b], In fact. Problem 21 shows that f is continuous at a dense 
set of points. Now if f is continuous at x and f(x) > m, then, as in 
part (c), there is a partition P with L(f, P) > m(b - a), while 
L(f, Q) = m(b - a) if Q = {a, b}, contradicting the hypothesis. Con¬ 
versely, it is easy to see that if f takes on its minimum value m on 
a dense set of points in [a, b], then L(f, P) = m(b - a), since each 
nu = m. (The condition that f be integrable is essential in this 
problem. For example, if f(x) = 1/q for x = p/q in lowest terms, and 
f(x) =1 for x irrational, then L(f, P) = 0 for all p, but f does not 
take on the value 0 = inf(f(x): a < x < b} anywhere.) 

9. Theorem 4, applied to a < b < d, implies that f is integrable on [b, d]. 

Then Theorem 4, applied to b < c < d, implies that f is integrable on [b, c]. 

11. Let P = (tg,...,t n ) be a partition of [a, b]. If g(x) = f(x - c), then 
m i = inf(f(x): t i _ 1 < x < t ± ) = inf(g(x): t ± _ 1 + c < x < t ± + c) 
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and similarly for M so L(f, P) = L(g, P f ) and U( f, P) = U( g, P'). 
is integrable, so that for every e > 0 we have U(f, P) - L(f, P) < 
P, then g is also integrable, since we have U(g, P f ) - L(g, P f ) < c 
over, 

b b+c 

I f(x) dx = sup[L(f, P)} » sup(L(g, P*)}= I f(x - c) dx. 
a a+c 



12. Notice that 


b* inf (1/t: t^ ± < t < t ± ) = inf{l/t: bt^ < x < bt ± }, 
Denoting the first inf by and the second by , we have 


L(f, P') = 2 m >(bt - bt ) 

i=l i 

n 

= 2 bm ’(t - t ± ) 

i=l 1 

= i=i ‘ Vl) 


If f 

€ for some 
. More- 


= L(f, P). 
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So 


ab 


/ 1/t dt = sup{L(f, P')} = sup(L(f, P)} = / l/t 

b i 

13. If P = (t 0 ,...,t n ) is a partition of [a, b], and P' = {ct Q ,... 

m i = inf(f(ct): t i _ 1 < t < tj.) = inf (f(t): ct j ._ 1 < t ^ ctj 

So if g(t) = f(ct), then 


So 


cb 


cL(g, 

n 

P‘) =c2 
1:=1 

“i^i ■ 

- *1-1) 


n 




= 2 
i~l 

m 1 (ct 1 

" Ct i-1> 


ti 

V. 

P'). 


f(t) dt 

= sup{L(f, 

P')} = 

c•sup{L(g, 


ca 

b 

= c•/ f(ct) dt. 
a 

(Actually, this proof is valid only for c > 0, but the case c < 
be deduced easily.) 


14. Choose M > 1 so that |f(x)| < M for all x in [a, b]. Given c > 
6 = e/3M. Since f is continuous on [a, x^ - (/2] and [x^ + 6/2 


dt. 

> ct n )* then 


; 0 can then 

0, let 

, b] there are 
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partitions P ± = (t Q ,...,t n ) of [a, x Q - 6/2] and P 2 = {s 0> ...,s m } of 
[x Q + 6/2, b] such that U(f, P ± ) - L(f, P ± ) < e/3 and U(f, P £ ) - L(f, P 2 ) 
< e/3. If P = {t 0 ,...,t n , s 0 ,...,s m ), then 

U(f, P) - L(f, P) < [U(f, P ± ) - L(f, P ± )] + 6*M + [U(f, P 2 ) - L(f, P 2 )] 

< e/3 + e/3 + e/3 = e. 


/5. (a) 

n 

L(f, P) = 2 f(t )(t - t ), 

i=l 

n 

U(f, P) = 2 f(t )(t - t ). 

i=l 

(b) If t i - ^ = 6 for each i, then 

n 

U(f, P) - L(f, P) = 2 [f(t.) - f(t - t ) 

i=l 

n 

= 6 2 f(t ) - f(t ) 

i=l 1 


= 6[f(b) - f(a) ]. 
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(c) For every e > 0 we have U(f, P) - L(f, P) < € if t^ - t^^ = 6 
= c/[f(b) - f(a) ]. 

(d) The function in Problem 4(vi) is an example (on the interval [0, 1]). 


16. (a) 

L(f _1 j P) +U(f, P') = S f ' 1 ( t i _ 1 )( t i - t i . 1 ) + 2 ‘ f " 1(t i-l )) 

i=l i=l 

- A'Wl' - 

i=l 

= bf _1 (b) - af* 1 (a). 

(b) It follows from part (a) that 

/ f" 1 = sup(L(f -1 , P)) = sup(bf -1 (b) - af -1 (a) - U(f, P')} 

a 

= bf _1 (b) - af _1 (a) - inf(U(f, P')) 

-1 -1 f f *V) 

= bf (b) - af (a) / f. 

f"V) 


(c) If f(x) = x n for x > 0, then for 0 < a < b we have 

b b 

</x dx = . 
a 


/ ^ dx = / f _1 = bf -1 (b) - af -1 (a) - / 


- 1 , 


f _1 (b) 


f _1 ( a ) 


n , 
x dx 
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= b Vt 

_nVb 

n + 1 

1 7. (a) If P = {tg,...,t n } is a partition of [a, b] with U(f, P) - L(f, P) < e, 

b b 

then U(f, P) - / f < € and / f - L(f, P) < e. Let s.(x) be m. for 
a a 1 

x in (t i _ 1 , t.^) and 0, say, for x = similarly let s 2 (x) be 

M i for x in (t ± _ 1 , t ± ) and 0 for x = t Q ,...,t n . 

(b) The existence of such step functions implies the existence of parti¬ 
tions P ± and P 2 with U(f, P 2 ) - L(f, P ± ) < e. 

(c) The function in Problem 25 is an example. 

b b 

18. Choose a step function s < f with / f - / s < e/2, by Problem 17(a). Choose 

a a 

M > 1 so that |f(x)j < M for all x in [a, b], and if s is constant on 
for i = l,...,n, choose 6 < e/2nM. Let g = s on 

t.^ - d/2] and let g be a linear function on [t^ - d/2, t^] and 
[t i* t i + 6 /2] with «(**) = " M - 
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19 . (a) If (respectively s^) is constant on each subinterval for a partition 
P 1 (respectively P 2 ), then s^ + s g is constant on the intervals for the 
partition P which contains P^ and 
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20 . 


(c) Given e > 0, choose step functions s^, s^ and t^, t^ with s^ < f < s^ 

b b b b 

and t ± < g < t 2 and / s 2 - / s ± < e /2 and / t_ - / t. < e/ 2 . 

a a a a 

Part (b) implies that 

b bbbbbbb 

/ (s 1 + t ± ) = / s ± + / t < / f + / g £ / s + / t = / s + t 

3. 3 3 3 3 St 3 3 


3nd th3t 

b b 

/ ( s 2 + t 2 ) - f ( s i + t ±) < € * 

3 3 

b b b 

This shows th3t f is integr3ble, 3nd 3lso th3t / (f + g) = / f + / g, 

3 3 3 



Let g(x) - / f - / f. Then g is continuous 3nd g( 3 ) = -/ f and g(b) 
a x a 

b 

== / f; so g(a) a nd g(b) h3ve different signs 3nd consequently g(x) =0 for 

3 

some x in [a, b], unless g(a) = 0 , in which case we can choose x = a. 

For the function f showing below, only x = a or x = b will work; f has 
c b 

been chosen so that j f = - / f. 

a c 
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|21. (a) Clearly if M - > 1 for all i, then U(f, P) - L(f, P) > b - a. 

(b) If i = 1, let b ± = t 1 and choose any a^^ with t Q < < t i* Similarly 

if i = n. 

(c) Choose a partition P of [a^, b^] with U(f, P) - L(f, P) < (b^ - a.^)/2. 

Then M - < 1/2 for some i. Choose [& 2 , bg] = [t i _ ± , t ± ] unless 

i as 1 or n, in which case use the modification of part (b). 

(d) Let x be a point in each I. Notice that we cannot have x = a n or b R , 

since x is also in [a n+± , b n+± ] and a n < a n+1 < b n+± < b n . If e > 0, 

there is some n such that sup(f(x): x in I n ) - inf{f(x): x in I n ) < e/2. 

Then |f(y) - f(x)I < e for all y in I n ; since x is in (a n , b n ), this 

means that |f(y) - f(x)! < e for all y satisfying !y - x! <6 where 

6 > 0 is the minimum of x - a and b - x. Thus f is continuous at x. 

n n 

(e) f must be continuous at some point in every interval contained in 
[a, b], since f is integrable on every such interval. 

22. (a) Choose x Q in [a, b] and let f(x) = 0 for all x / x c> and f(x Q ) = 1. 

(The function in Problem 25 is another example.) 

(b) There is a partition P of (a, b] such that f(x) > x^/2 for all x in 
some [t i _ 1 , tjJ. Then L(f, P) > x 0 ( t i " 
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(c) This follows from part (b), since f is continuous at some x Q , by 
Problem 21. 


23. (a) Choose g - f. Then / f 2 = 0. Since f is continuous, this implies 

a 

that f = 0. 


(b) 


If t{* 0 ) > 0, then f(x) >0 for all x in (x Q - 6, x Q + 6) for some 

6 > 0. Choose a continuous g with g > 0 on (x Q - 6, x Q + 6) and g = 0 

elsewhere. Then / fg > 0, a contradiction, 
a 



* 0 -a 


xq+S 


25. Let € > 0. Choose n so that 1/n < e/2. Let x. < x. < ... < x be those 

u in 

rational points p/q in [0, 1] with q < n. Choose a partition P = (t ,...,t } 

0 K. 

such that the intervals [t i _ ± , t^ which contain some x^ have total length 
< e/2. On each of the other intervals we have < 1/n < e/2. Let I 
denote all those i from l,...,n for which [t^, t ± ) contains some Xj , and 
let I g denote all other i from l,...,n. Since f < 1 everywhere, we have 

u(r - p) ■ i f„ i - ‘i-i> + 4 i x m i<'i - w 


< i- 


‘1 - “* -2 

€ 


i in I, 


(*i " + 2 


i in 1, 


<*i - Vi) 


< 1-| + f*l = €. 
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26. Let f be the function in Problem 25, and let g(x) =0 for x = 0, and g(x) - 1 
for x jL 0. Then (g®f)(x) = 0 if x is irrational, and 1 if x is rational. 


28. (a) Prom the inequality mg(x) < f(x)g(x) < Mg(x), we obtain 

b b b 

m / g(x) dx £ / f(x)g(x) dx £ M / g(x) dx. 
a a a 


Consequently 

b b 

/ f(x)g(x) dx = u / g(x) dx 
a a 

for some u with m ^ u M. This u = f(£) for some £ 1° t a * *>]. 


(b) If g(x) = x on [-1, 1] and f(x) = x, then 

1 1 n 2 

/ f(x)g(x) dx = f x dx - ^ / 
.1 -1 0 


29 . (a) Let 

h (0 = g(a) / f(t) dt + g(b) / f(t) dt. 
a e 


1 

p.* / x dx. 
-1 


b 

h(a) = g(b) / f(t) dt, 
a 

b 

h(b) = g(a) / f(t) dt. 
a 


Then 
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b 

Since h is continuous, h takes on all values between g(a) / f(t) dt 

a 

and g(b) / f(t) dt. On the other hand, 
a 

g(a)f(t) < g(t)f(t) < g(b)f(t) for all t in [a, b]. 


provided that g(t) >0 for all t in [a, b]. So in this case 

b b b 

g( a ) I f(t) dt < / f(t)g(t) dt < g(b) / f(t) dt 
a a a 

b 

and consequently f f(t)g(t) dt = h(£) for some £. 
a 

The case where g(t) is not > 0 for all t in [a, b] can now be 
taken care of by a simple trick: replace g by g + c where 
g(t) + c > 0 for all t in [a, b]. The theorem for g + c implies the 
theorem for g. 


(b) Let f = 1 and let g be any function on [a, b] with g(a) = g(b) =0 but 
g(x) >0 for all x in (a, b). 


30. (a) 


If 


0 < m i < M ± > 
m i < M i < 0 > 
m i < 0 < M i> 


then 


M i ’ 


V 


M. ' 

l 


= M ± = max( |M i |, ImJ) 

= -m i = max(||, |ra ± j) 

= max(M i , -m^^) = max(|M i |, 


The proof for dk' is similar. 


I® ± l)* 
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(b) If !ra.I < Im.I, then 


M. ' - m.' = M. I 
11 1 


- Im 


.. I < Im. - m.| = M. - m i ; 


if IK.I < |m.I, then 
1 — 1 9 


M. * - m. 1 = !m. I 
l i l 


|M i ! < |m i - M i ( = M. - m. 


(c) If P is a partition of [a, b], then 

U(|f|, P) - L(If|, P) = i (M • - m ')(t - t. .) 

i=l 1 1 1 ~ x 


<2 ( M - m )(t - t ) 

i=l 1 x 


= U(f, P) - L(f, P), 


So integrability of f implies integrability of |f|, by Theorem 2. 


(d) This follows from part (c) and the formulas max(f, g) 

= [f + g + |f - g|]/2 , min(f, g) =[f+g_ |f_ g|]/2 . 

(e) If f is integrable, then max(f, 0) and min(f, 0) are integrable, by 
part (d). Conversely, if max(f, 0) and min(f, 0) are integrable, then 
f = max(f, 0) + min(f, 0) is integrable, by Theorem 5. 


32. (a) Since 

0 < m i' < f ( x ) < and m i " < g(x) < M i " for all x in [t i ± , t ± ]. 
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we have 

m i' m i" ^ f ( x )e( x ) < for a11 x in t i ], 

which implies that m^'m,^" < m.^ and 

(b) This follows immediately from part (a). 


(c) By part (b). 


n 


U(fg, P) - L(fg, P) < 2 - m i 'm i "](t i - t ± _ 1 ) 

i=l 

= 2 - m i »](t i - t i _ 1 ) + 2 - m^ 1 ]^ 


i=l 


i=l 
n 


< [M i' - V^i - Vi> + ^ [M i" - m i ,,] ( t i - \ 

(d) Integrability of fg follows immediately from part (c) and Theorem 2 

(e) f*g = g*max(f, 0) -f g*(-min(f, 0)), both of which are integrable by 
part (d). 


33. (a) The following proof is modelled on Problem 1-I8(b). If g - 0, then 
equality holds. Otherwise we have 

b pkp b pbp 

0 < / (f - Ag) = / f - 2 A / fg + x ; g , 
a a a a 

so 
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b 

I 

a 


b p 

HI fg) 

a 

b 2 

HI g 2 ) 


(It is not possible to obtain strict inequality when f / xg, since 
b 

/ (f - Ag) might be 0 even if f / Ag; see part (b).) 

a 

(b) If f = g except at one point, then equality holds, even though f = Xg 

is false. But if f and g are continuous, and g / 0, then f = Xg for 

some x, for if f / Ag for all A, then 

b b b b 

o < I (f - Ag) 2 = / f 2 - 2A / fg + A 2 / g 2 , 
a a a a 

2 

since (f - Ag) is a continuous non-negative function which is some¬ 
where positive. This implies strict inequality in the Cauchy-Schwartz 
inequality. 


(c) Given x ± ,...,x n and y ± ,...,y , let f and g be defined on [0, 1] by 

(*i' 1-1 

f(x) . 


i* 

0, x = 1, 


n - x < n 


g( x ) = 


y i> 


0 , 


i - 1 i 

—^— < x < - 

n — n 
x = 1. 
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34. 


Then 


so 


/ 

fg 

1 

~ 2 


x i y i' 

0 


n 

H* 

II 

P 


1 

/ 

f 2 

1 

~ 2 

n 

2 

o 

x i * 

0 


n 

p 

ii 


1 

/ 

0 

OJ 

w 

1 

“ 2 
n 

n 

2 

i=l 

2 

y i ’ 






> 


this is the Schwartz inequality. (Problem 1-18 is actually the special 
case n = 2, but the proofs in that problem will work for all n.) 

(d) Apply the Cauchy-Schwartz inequality to f and g(x) = 1 on [0, 1]. 

The correct result for [a, b] is 


b 2 b 2 
(/ f) <(b-a)(/ 0. 

a a 


If € > 0, pick N > 0 so that |f(t) - a) < € for t > N. Then for N > 0 we 
have 


N+M 

1/ f(t) dt - Ma 
IN 


< €M, 


so 


N+M 


N + M 


J f(t) dt 


Ma 


N + M 


eM 


N + M 


< e, 
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Choose M so that 


Then 


Ma 


N + M 


- a 


< € and 


1 N 

—-— / fft) dt 
N + M i { } 


< e, 


N+M 


FTh { f <‘> at 

1 


< 3 €. 



CHAPTER 14 


1 . (ii) 

(iv) 

(vi) 

(viii) 


6 ^ x - v 2 

1 + sin D ^/ sin^ t dtj + sin~* t dtj 


sin J x. 


-1 


2 2 
1 + x + sin x 


cos^/ sin^/ sin^ t dt^ dy^-sin^/ sin^ t dt^. 


(P -1 )'(x) 


F 1 (F - 1 (x)) 


= VTT 


[F _ 1 (x)] 2 . 


y/jTT 


tF^x)]' 


2. (ii) All x / 1. 


(iv) All irrational x. 

(vi), (viii) All x not of the form 1/n for some natural number n. 


3. (ii) 

(f"V(0) =-ri- = -^- 

f’(f (0 )) sin(sin(f“ 1 (0))) 

_ 1 

sin(sin(l)) 


210 
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5. If F(x) = 


X X x 

I f(u)(x - u) du = / xf(u) du - / uf(u) du, then 
0 0 0 


F'(x) = [xf(x) + J f(u) du] - xf(x) 
0 


by Problem 4 


= / f(u) du. 

0 

Consequently, there is some number c such that 


X X/ u \ 

/ f(u)(x - u) du = / (/ f(t) dt) du 
0 0 '0 ' 


+ c for all x. 


Clearly c = 0, since each of the other two terms is 0 for x = 0. 


6. Applying Problem 5 to g(u) = f(u)(x - u), we obtain 


X X 

/ f(u)(x - u) 2 du = / [f(u)(x - u)](x - u) du 


0 

X. U V 

= / (/ f (t) (x - t) dt J du. 
0 '0 ' 


Therefore we must show that 


I (I f(t)(x - t) dt^ du = 2 f (f (f f(t) dt) du.^ du 

0 \0 • 0 '0 '0 ' ' 


211 


Now x - t = (u - t) + (x - u), so 
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U U u 

(1) / f(t)(x - t) dt = / f(t)(u - t) dt + / f(t)(x - u) dt. 

0 0 o' 


For the first integral on the right we have 

u 


u„ 
u, 1 


( 2 ) 


/ f(t)(u - t) dt = / (f f(t) dt\ du 
0 0 \0 / 


by Problem 5* The second can be written 

u u 

( 3 ) / f(t)(x - u) dt - (x - u) / f(t) dt. 

0 0 

From (1), (2), and (3) we have 

f (I f(t) (x - t) dt^ du = /(/(/ f(t) dt^ du. \ du 

0\0 ' O'O'O / / 


x u 

+ / [(x - u) / f(t) dt] du. 

0 o' 

u 

On the other hand, applying Problem 5 bo g(u) = / f(t) dt we obtain 

0 

X U X/ U, U i V 

I [ (x - u) / f(t) dt] du = / (/ (/ f(t) dt j du,. ) du. 

0 0 0 '0 \0 / ' 


8 . (a) This follows from Problem 13-11, since f(x - a) = f(x) for all x. 

2 

(b) Let g be periodic and continuous with g > 0 (for example, g(x) = sin > 
x 

If f(x) = / g, then f 1 = g is periodic, but f is increasing, so it is 
0 

not periodic. 
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Let g(x) = f(x + a). Then g'(x) = f'(x + a) = f'(x). If f(a) = f(0), 
then we also have g(0) = f(a) = f(0). Consequently g = f, i.e., 
f(x + a) = f(x) for all x. 

On the other hand, if f is periodic with period a, then surely 
f(a) = f(0). Actually, the Problem, as stated, is more difficult, 
since it was not stipulated that the period of f should be a. In 

other words, it must still be shown that if f is periodic with some 

period b / a, then f(a) = f( 0 ) (and consequently f is also periodic 
with period a). This can be done as follows. Suppose that f(a) / f(0) 
and, to be explicit, say that f(a) > f(0). Since the function g(x) 

= f(x + a) - f(x) satisfies g'(x) = f'(x + a) - f'(x) = 0, it follows 
that g(x) = g(0) = f(a), so f(x + a) = f(x) + f(a) for all x. Con¬ 
sequently f(na) = n»f(a) > f(0) for all natural numbers n. Moreover, 
a stronger statement can be made. Since f is continuous and f(a) > f(0), 
there is some e > 0 such that f(x) > f(0) for lx - a| < e; the relation 

f(x + a) = f(x) + f(a) implies that we also have f(x) > f(0) for 

|x - na| < e. If we assume that f is periodic with period b, then 
f(mb) = f(0) for all natural numbers m. This will lead to a contradic¬ 
tion, if we can show that for some m and n we have |mb - na| < €, or 


equivalently 
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If a/b is rational, this is clear. If a/b is irrational, then 
the desired inequality follows from the fact that for any irrational 
a there are infinitely many rational numbers m/n with 


n 

Although the proof of this fact is not especially difficult, it will 
not be given here. The interested reader may attempt a proof of his 
own, or consult reference [4] of the Suggested Reading, which proves 
this result and many related ones. 



11. (a) F'(x) = 1/x; G'(x) = (l/bx)*b = 1/x. 

(b) It follows from part (a) that there is some c such that F(x) = G(x) + c 
for all x > 0. Since F(l) = 0 = G(l), we have F(x) = G(x) for all 
x > 0. 
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12. Suppose f is continuous on [a, b] and f(a) < 0 < f(b). The Fundamental 

X 

Theorem of Calculus shows that f = F* for some F (namely F(x) = / f). Dar- 

0 

boux*s Theorem then implies that f(x) =0 for some x in [a, b], 


13. We have 


, a ,g( x ) 

F(x) = / h(t) dt + / h(t) dt, 

f(x) a 


SO 


F'(x) = -h(f(x))*f'(x) + h(g(x))-g'(x) 


14. (a) Equation (*) just says that (Goy)' = F' in the interval, so there is a 
c such that G«>y = F + c, in this interval, i.e., G(y(x)) = F(x) + c 
for all x in the interval. 


(b) Conversely, if y satisfies (**), then differentiation yields (*) 


(c) If 


y .(x) . * + * , 

v f l + y(x) 


so that 


U + y(x) ]y f (x) = 1 + x , 
then there is some c such that 

y(*) + c 
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for all x in the interval on which y is defined. So 

(calling 2c simply c) 


y 2 (x) + 2y(x) - 2x - - c = 0, 


so 


y(x ) m - 2 + aA + 4(x + |x 3 + c) 


or 


y(x) = 


-2 - + 4(x + fx 3 + c) 


These solutions are never defined on all of R , since 

o 

4 + 4(x + 2x /3 + c) < 0 for x < 0 with |x| sufficiently large. 


(d) If 


(l + 5 [y(x)] )y'(x) = -l. 


then there is some constant c such that 

[y(x)] 5 + y(x) + x = c. 


(e) If y(x)y'(x) = -x, then there is some c such that 

[y(x)] 2 -x 2 + c 

2 2 


so 


y(*) 


x) = Vc - X c 
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15. 


or 

y(x) = -Vc - x 2 . 

If y(0) = -1, then clearly y(x) = -Vl - x 2 (for [xl < 1 ). 


(a) 


N 


r+1 


-1 


/ x dx = lim 
1 N-»oc r 4-1 r 4- 1 r + 1 


r+l 

(because r + 1 < 0, so lim N = 0) 

N—00 


(b) Problem 13-12 implies that 


2 “ 2 2 ± 

J 7 dx = / - dx +...+/ -dx 

. x „ x * A 


n times 
2 1 , 

= n / - dx. 

1 x 

2 2 n 
Since / 1/x dx > 0, we have lim / 1/x dx = <*>. 

1 n—m 1 


N 

(c) The function I(N) = / g is clearly increasing, and it is bounded above 

00 0 

by / f. Consequently, lim I(N) exists (it is the least upper bound of 
0 N—oo 

(I(N) : N > 0}). 

OO OO 

(d) Clearly / 1/(1 + x 2 ) dx exists if / 1/(1 + x 2 ) dx exists; the latter 

0 1 

00 2 

integral exists by part (c), because / 1 /x dx exists, by part (a), 

2 2 1 

and 1/(1 + x ) < 1/x . 
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0 

Q 


00 

16. (a) 

Clearly 

/ 

1/(1 + x 2 ) 

dx exists; in fact. 

it equals / 1/(1 + x 2 ) dx. 



-OO 



0 

(b) 

00 

/ x dx 
0 

does 

not exist. 



(c) 

If lim h(N) 

= «> and lim 

00 

g(N) = -oo and / 

f exists, then 


N—oo N — -oo -oo 


h(N) oo 

lim / f = / f. 

N—oo g(N) -00 


Proof. 


00 M 


Given € > 0, choose M n so that 1/ f - / f| < c/2 and 

0 0 

0 0 

I / ^ - / f | < e/2 for all M > M n . Now choose N so that 

-M u 

h(N) > M and g(N) < -M for all N > N^. Then for N > we have 


00 h(n) oo h(N) 0 0 

! / f - / f! < 1/ f - / f| + | / f - / f| < e/2 + e/2 = e. 

-oo g(N) 0 0 -oo g (N) 


17. (a) 


(b) 


1 _ 
lim / - dx = lim 2,/a - 2/T = 2 

e —0 e ,/x e-*0 + 


a a 

/ x r dx = lim / x r 
0 e -0 + e 


dx = lim 
e—0 


t r+l 
+r + 1 


r+1 
e_ 

r + 1 


r+1 


r + 


1 


(because r + 1 > 0, so lim e r+1 = 0). 

e-0 + 

(c) Problem 13-12 implies that 
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1 1 1 1 1 1 
I “ dx + • . • + / “ dx = / ~ dx , 

l/2 n l/2 n 2 

V--- s 

n times 


so 


1 2 

/ — dx = -n / — dx, 

x \ x 

l/2 n 1 

1 

so lim / 1/x dx does not exist. Of course, this implies that 

€—0 € 
a 

lim / 1/x dx does not exist for any a > 0. 

e—0 € 


(d) 


/ |x| r dx = lim / |x| r dx 

a e —0" a 


= -lim / x r dx 
€- 0 + € 

r+1 
a_ # 

r +1 


(e) Since lim i/VT - x 2 = lim l/v4 - X 2 = CO, 


we define 


x —1 


x-» -1 


1 1 0 1 1 
/ -- dx = / - dx + / - dx 

- 1 vTT7 - 1 .AT -5 ° ^ 5 


x ~ x“ 


0 1 e 

= lim / — dx + _ / — ZZZZHZ . dx 

6 — 1 e v'T? e - r ° 


= 2 lim ^ / 
€ 


~ 1+ * vTT^ 


dx. 
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Now the limit 


lim I —■ ■■ 1 - — dx = lim I dx 

e —_1 + e Vl + x e —0 € Vx 

exists by part (a). For -1 < x < 0 we have 

x(l + x) <0, 

, 2 
x < -x , 

p 

1 + x < 1 - x , 

vi + x < *y± - x 2 , 

—-— > —~— 

It follows that 

0 i 

lim / — ■■ — dx 

e — 1 ' -Jr - x 2 

also exists. 


18. (a) 

00 1 

/ f(x) dx = lim J —— dx + lim J — dx 

0 e N-oo 1 x 2 

=2+1=3, 


by Problem 17(a) and 15(a). 
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(b) If -1 < r < 0, then / x r dx does not exist, since x r > x -1 for x > 1 
“ _ i 1 1 

and / x dx does not exist. If x < -1, then / x r dx does not exist, 

1 r -1 1 .1 0 

since x > x for 0 < x ^ 1 and / x dx does not exist, (Of course, 

« 0 

if r > 0, then / x dx does not exist.) 

A ‘ 



CHAPTER 15 



(This result is not surprising, since f(x) = arctan 1/x =7r/2 - arctan x^ 


2. (ii) 
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(vi) 


3. (a) 


lim(± . -A-) = lim sin x ~ x 
x_ 0 \ x Sin x/ X sin x 


= lim 


COS X - 1 


= lim 


-sin x 


sin x + x cos x x -*0 2 cos x “ x sin x 


= 0 . 


f»(0) = 


lim 

h-0 


sin h 
h 


- 1 


= lim 
h— 0 


sin h - h 


lim 9os h - 1 = 
h—0 h 


(b) Since 


f( X ) = 


x cos x - sin x 


for x / 0, 


we have 


f"(0) 


= lim 

h-*0 


h cos h - sin h 


n . cos h - h sin h - cos h 
= lim -—- 

h-*0 3h 

1 

" ' 3* 


4. (a) 
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(b) Clearly f(x) = 0 for x = -/tor. The numbers -/tor become arbitrarily 
large, of course (since JK > k), but they also cluster closer and 
closer together (because, for example. 


V'k + 1 - v'k —— 
2 JT 


< 


1 

2^k 


). 


for some x in (k, k + 1), 
by the Mean Value Theorem 



(c) If 

2 2 

0 = f‘(x) = cos x + 2 cos 2x = cos x + 2(cos x - [1 - cos x]) 

2 

= cos x + 2(2 cos x - 1) 

2 

= 4 cos x + cos x - 2, 

then 

-1 + Vi + 32 -1 ± -/33 

cos x = -—g- = -S- 

Since 0 < [-1 + V33]/8 < 1 and -1 < [-1 - -/33]/8 < 0, there will be 
four such x in [ 0, 2 tt ]: 
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The critical points x ± and x^, with cos x ± = cos x^ = [-1 + ,/33]/8, 
satisfy 0 < x ± < tt /2 and 3rr/4 < *4 < 27T 5 so f ( x 1 ) > 0 and f(x 2 ) < °» 
since sin x and sin 2 x are both positive on (0, tt/2) and both negative 
on (3x/4, 1). To determine the sign of f(x 3 ) and f(x^) notice that 

f(x) = sin x + sin 2 x 

= sin x + 2 sin x cos x 
= sin x (1 + 2 cos x). 

Now sin(x 2 ) > 0, since 0 < x £ < n, but 1 + 2 cos(x 2 ) < 0, so f(x 2 ) < 0. 
Similarly, f(x 3 ) >0. 
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2 2 

(d) f'(x) = sec x - 1 = tan x > 0 for all x, so f is always increasing. 

On ( -tt/2, 7t/2) clearly f increases from -» to «. On 
(kTr - tt/ 2, tor + tt/2) the derivative f' is the same as on (-tt/2, tt/2), 

so f differs by a constant from f on ( --n/2, rr/2). The constant is 
clearly -7r. 



(e) f'(x) = cos x - 1 < 0 for all x, so f is decreasing. Moreover f' is 

periodic, so f is the same on [2rr, 4it] as on [0, 2n] except moved down 
by 2rr. Since f"(x) = -sin x, it follows from the Appendix to Chapter 
11 that f is concave on [0 , tt] and convex on [tt, 2 rr], 
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5. For any particular number y, define f(x). = cos(x + y). Then 

f'(x) = -sin(x + y), 
f"(x) = —cos(x + y). 


so 


So 


f" + f = 0, 
f(0) = cos y 
f'(0) = -sin y. 


f = (-sin y)-sin + (cos y)*cos. 


so 


cos(x + y) = cos y cos x - sin y sin x. 


7 . (a) Clearly f(x) = A sin(x + B) satisfies f + f" = 0. (Moreover, a = f'(0) 
= A cos B and b = f(0) = A sin B.) 

(b) It clearly suffices to choose A and B so that a = A cos B and 
b = A sin B. Since we want 

a 2 + b 2 = (A cos B) 2 + (A sin B) 2 

we must clearly choose 

A = 
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If a / 0, we can choose 

B = arctan —• 
a 

If a = 0, we can choose B = tt/2. 

(c) V^3 sin x + cos x = A sin(x + B), where 

A = V(y3 ) 2 + 1 = 2 

B = arctan —— = 7 t/6, 

V3 



9. Prom the addition formula for sin we obtain, for |a| < 1 and |Pl <1, 

sin(arcsin « + arcsin P) = sin(arcsin ot) cos(arcsin P) 

+ cos(arcsin a) sin(arcsin P) 

= o -v/ 1 - P 2 + 0 \/l - o 2 . 
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Consequently 

arcsin a + arcsin P = arcsln(av4 - p^ + Pa/L - a 2 ), 

provided that -tt/2 < arcsin o + arcsin P < tt/2. (If tt/2 < arcsin a + arcsin P 
< 7 r, we must replace the right side by n - arcsin(aVl - P^ + Pa /1 - a ^), and 
if - 7 r< arcsin a + arcsin P < we must replace it by 
- 7r - arcsin(a-\/l - P 2 + P a/ 1 - a ^) •) 


(a) If 

71 2 
H(a) = / (f(x) - a cos nx) dx 

-7T 

2 7f 2 ^ ^ 2 

= a / cos nx dx - 2 a / f(x) cos nx dx + / f(x) dx, 

-7T -IT —7T 

then the minimum occurs for 

7T p 7T 

0 « H*(a) = 2a / cos nx dx - 2 / f(x) cos nx dx, 

-7T -7T 

SO 7T 

/ f(x) cos nx dx ^ 
a = —- = / f(x) cos nx dx, 

* 2 —7T 

/ cos nx dx 

-7T 

by Problem 11. The proof for sin nx is similar. 
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(*) 

7T C_ N 2 

/ (f(x) - [—2 + 2 c n cos nx + d fi sin nx]) dx 

-7r n=l 


7T 


n c 0 N 


/ tf(x) ] dx - 2 / f*(x)[—p + 2 c n cos nx + d n sin nx] dx 

n=l 


-7T 


-TT 


7T N o 2 2 2 

+ / [—77- + 2 c cos nx + d sin nx] dx 

* 4 . n n 

-rr n=l 

it N 

+ / Zed cos nx sin mx dx 

J . n m 

- 7 r n,m=l 


7T Cq N 

+ / —o 2 c cos nx + d sin nx dx 

_. _ A ** 

-7T n=l 


7r 2 / a 0 C 0 ^ \ / C 0 ^2 2 \ 

= / dx - + S , a n c n + Vn) + + * C n + d n )’ 

-7T x n=l ' \ n=l ' 


using Problem 11, the definition of a^ and b^, and the fact that the 

7r n 

last integral vanishes because / cos nx dx = / sin nx dx = 0. The 

-7T -7T 

second equality follows by algebra. 


13. Substituting a = (x + y)/2, b = (x - y)/2 in 
sin(a + b) + sin(a - b) = sin a cos b + cos a sin b + sin a cos(-b) cos a sin(-b 


= 2 sin a cos b 
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yields 

sin x + sin y = 2 sin( * * y )cos(— ~ ? ). 

Similarly, from 

co8(a + b) + cos(a - b) = cos a cos b - sin a sin b + cos a cos(-b) - sin a sin(-b) 

= 2 cos a cos b 

we obtain 

cos x + cos y = 2 cos(~ —| - ^ )cos( ~—~ y ). 


15. If y = arctan x, then 


so 


x = tan y = 


sin y 
cos y 


-gl£. y , 


Vl - sin 2 y 


xV1 - J 2 


sin y = sin y. 


so 


x 2 (l - sin 2 y) = sin 2 y 


2 x 

sin y = ; , 

Vl + x e 


sin(arctan x) = sin y = 


v^7 


cos(arctan x) = cos y 


= Vl - sin 2 y = -— 


Vl + x 2 
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16. If x = tan u/2, then u = 2 arctan x, so by Problem 15 


sin u = sin (2 arctan x) 


cos u 


= 2 sin(arctan x)cos(arctan x) 
2 x 

= « 2> 

1 + x 

/ — 1 - x 2 

= vl - sin u =-p* 

1 + x 


17. (a) By the addition formula, 

sin(x + tt/2) = sin x cos tt/2 + cos x sin tt/2 = cos x. 

(b) Part (a) implies that x + tt/2 = arcsin(cos x) for -7r/2 < x + 7r/2 < tt/2, 
or equivalently -tt < x < 0. If x = 2tar + x' for -it < x < 0, then 

cos x = cos x', and if x = 2kjr + x' for 0 < x' < 7r, then cos x = cos x' 

= cos(-x'). So 

( x - 2tor + 7 r/ 2 , (2k - l) 7 r < x £ 2ki r 

2kn + 7 r /2 - x, 2krr < x £ (2k + l) 7 r. 

Similarly, from 

cos(x - n/2) = sin x. 


we conclude that 
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{ x - 2tor - 7r/2, 2tar + 7 t/ 2 < x < (2k + 1 )tt + tt/2 

(2k + l)7r - 7r/2 - x, 2k7r - 7r/2 < x < 2tor + 7r/2. 

21. If (x, y) is on the unit circle, then x 2 + y 2 = 1. In particular |x 2 | <1, 

so -1 < x <; 1. On the intervals [0, 7 r] and [-tt, 0] the function cos takes 

on all values between -1 and 1, so there is some 0 in [0, 7 r] with x = cos 0, 

and also some e in [- 7 r, 0] with x = cos 0. If y > 0, then y = sin 0 when 

is in (0, tt], and if y < 0, then y = sin 0 when 0 is in [- 7 r t 0]. 

22. (a) If a < 2krr + 7r/2 < b, then sin is not one-one on [a, b], because sin 

has a maximum at 2k?r + w/2, so sin takes on all values slightly less 
than 1 on both sides of 2k7r + 7r/2. Similarly, we cannot have 
a < 2krr - tt/ 2 < b. Since the numbers of the form 2krr + tt/ 2 are within 
7r of each other, n is the maximum length of an interval, (a, b] on which 
sin is one-one, and in this case [a, b] must be of the form 
[2k»r - 7r/2, 2kn + 7r/2] or [2k*r + 7r/2, 2(k + l)7r - ir/2]. 

(b) (g* 1 )'^) = VVf - x 2 , since g -1 (x) = arcsin x + 2k7r. 

23. The domain of f -1 is (-», 1] yj [ 1 , »). 



CALCULUS 


235 



24. By the Mean Value Theorem, 



|sin x - sin y| = |x - y|-|cos 0| for some 0 between x and y 
< |x - y|. 

Strict inequality holds unless e = 2k7r. But in any case, if x < y, say, 
then we can choose x < z < y so that (x, z) does not contain any number 
of the form 2krr. Then 


sin y - sin x = (sin y - sin z) + (sin z - sin x) 

= (y - z)cos 0^ + (z - x)cos 0 2 

for some 0 1 in (y, z) and 0 g in (x, z). Since |cos 0 ± | < 1 and |cos 0 g | < 1, 
it follows that 


| sin y - sin x| < |y - x|. 
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25. (a) 

lim / sin Ax dx = lim . £2iil = 0 . 

A— c A—oo A A 

(b) If s has the values s ± on (t i t^), then 

b n t i 

11m J s(x) sin Ax dx = lim Z s. / sin Ax dx 

A-* 00 a A-»oo i=l t . 

i-1 

= 0, by part (a) # 


(c) For any € > 0 there is, by Problem 13-17, a step function s < f with 

b 

/ [f(x) - s(x)] dx < €• 

a 

Now 

b b b 

1/ f(x) sin Ax dx - / s(x) sin Ax dx| = |/ [f(x) - s(x)] sin Ax dx| 

a a a 

b 

</ [f(x) - s(x)J |sin Ax| dx 

a 

b 

< / [f(x) - s(x) ] dx < €• 

a 

Part (b) then shows that 

b 

lim |/ f(x) sin Ax dx| < €. 

A-*•«*> a 

Since this is true for every e > 0, the limit must be 0. 
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26. (a) We have 


so 


area OAB < ^ < area OCB, 


sin x x sin x 
2 ^ 2 ^ 2 cos x* 


(to) From 


we obtain 


from 


sin x „ x 
2 < 2 


sxn x 


< U 


x sin x 
2 < 2 cos x 


we obtain 


cos x < 


sin x 


Since lim cos x = 1, it follows that lim (sin x)/x 
x—0 x—0 


= 1 . 


(c) 


lim - 
x—0 


COS X 


lim 

x-*0 


, 2 
1 - COS X 

x(l + cos x) 


= lim 
x—0 


sin x 


sin x 
1 + cos x 


= 1-0 - 0 . 


x 
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(d) 


sin'(x) = lim gi n -( x h ) - 8in x 


h—0 


sin x cos h + cos x sin h - sin 
h 


h-0 


1< _ sin h „ . ,cos h - 1 . 

lim —-— cos x + lim- - - sin x 


h—0 h 
= cos x. 


h—0 


h 


27. (a) Clearly a is odd and increasing. The limit lim a(x), i.e., 

" 2 - 1 x-»» 

improper integral / (1 + t ) dt, exists by Problem 14-15. 

0 


(b) 


(«)•(*) =— K — 

«'(«" (x)) 


= 1 + [o _1 (x)] 2 . 


1 + [a -1 (x)] 

(c) If -7r/2 < x < tt/ 2, then 


cos x 


>/l + 


(1 + [o-^x)] 2 )’ 172 . 


-1 




so 


the 
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cos'(x) = -a“ 1 (x)(a" 1 )'(x)(l + [a _1 (x)] 2 ) 

- 1/2 

= -a _1 (x)(l + [a _1 (x)] 2 ) 

= -tan x cos x. 


Naturally the same result holds if x is not of the form tor + tt/ 2 
tor - tt/ 2. (For x which are of this form we have, by Theorem 11-7 


cos'(x) = 


lim cos'(y) 
y—x 


= lim -tan y cos y 
y—x 


= lim - 
y ~ x 


tan y 


2 

tan y 


= -1, since lim tan x = oo*) 

y—x 

Now for x not of the form kir + tt/2 or ten- - tt/2 we have 
cos H (x) = -tan x cos'(x) - tan f (x) cos x 

P 2 

= -tan x cos x - [1 + tan x] cos x by part (b) 

= -cos x. 


For x which are of this form we have 
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cos"(x) = lim cos' 1 (y) = lim -cos y, 
y— x y—x 

= lim — - —. . = 0, since lim tan y = ». 

y "* x Vl + tan 2 y y ~* x 

28. (a) (y Q 2 + (y 0 ') 2 )' = 2y 0 y Q ' + 2y 0 'y 0 " = 2y Q '(y 0 ' + y Q ") = 0, so 
2 2 

y 0 + (y 0 ') is a constant. The constant is non-zero, since y Q is not 
always 0, so y Q (0) 2 + y 0 '(0) 2 / 0, so either y Q (0) / 0 or y Q '(0)./ 0. 

(b) Any function s = ay Q + by Q ' satisfies s" + s = 0, so we just have to 
choose a and b such that 

ay 0 (0) + by 0 '(0) =0 

ay 0 '(0) - by Q (0) = 1. 

This is always possible, since 

- y 0 (°) 2 - y 0 ’(°) 2 / 

(c) Suppose that cos x > 0 for all x > 0. Then sin would be increasing, 
since sin* = cos. Since sin 0=0, this would mean that sin x > 0 
for all x > 0. Thus we would have cos 1 = -sin x < 0 for all x > 0, 

so cos would be decreasing. Thus cos would satisfy all the hypotheses 
for f in Problem 6 of the Appendix to Chapter 11. But then the pro¬ 
blem implies that cos"(x) = -cos x = 0 for some x > 0, a contradiction. 
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(d) Since cos x > 0 for 0 < x < x Q = 7r/2, the function sin is increasing 

on [0, 7r/2]. Since sin 0 = 0, it follows that sin 7r/2 > 0, so 

sin 7r/2 = 1. 

(e) 

COS 7T 

sin 7r 
cos 2 t r 
sin 27T 

(f) 

sin(x + 2n) = sin x cos 2rr + cos x sin 27r = sin x. 

cos(x + 2n) = cos x cos 2tt - sin x sin 2n = cos x. 

29. (a) A rational function cannot be 0 at infinitely many points unless it is 
0 everywhere. 

(b) The assumed equation implies that f Q (x) =0 for x * 2krr, so f^ = 0. So 

(sin x) [ (sin x) 11- ’ 1 + f^ 1 (x)(sin x) n ’ 2 + ... + f ± (x)] = 0. 

The term in brackets is continuous and 0 except perhaps at multiples 
of 27r, so it is 0 everywhere. We have just shown that if sin does not 
satisfy such an equation for n - 1, then it does not satisfy it for n. 


= cos( tt/2 + tt/ 2) = cos 2 7T/2 - sin tt/2 = 0-1 = 4, 

= sin(7r/2 + tt/ 2) = 2 sin tt/2 cos tt /2 = 0. 

2 2 

= COS(7T + 7T) = cos 7T - Sin 7T = 1. 

= sin(7T + 7r) = 2 sin 7r cos tt = 0. 
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Since it clearly does not satisfy such an equation for n = 1 
not satisfy it for any n. 


30, (a) Multiplying the equation for g^ by <t> 2 and the equation for g 
we obtain 

0 l" 0 2 + ®1 0 1 0 2 = 

+ ' °- 

Subtraction yields the desired equation. 


(t>) 

b b 

I 1 * 1*2 ' = ^ ( g 2 ' %) 0 1 0 2 > °' 

a a 

since g^ > g^ and ^ by assumption. 

Since 

{* 1*2 ' 0 1 0 2^' = 0 l" 0 2 + 0 l' 0 2' " ‘V'V " 0 1 0 2" 

= <t>i *2 - *1*2 > 

we have 
b 

o </ [« 1 ’’0 2 - 0 2 "0 1 ] = t0 1 *(b)0 2 (b) - 0 1 (b)0 2 '(b)] - [0 1 '(a)0 2 (a) - 


, it does 


2 by 0 1 


0 1 (a)0 2 '(a)] 


= 0 1 , (b)0 2 (b) - 0 1 '(a)0 2 (a) + [0 1 (b)0 2 '(b) - 0 1 (a)0 2 '(a)] 
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(c) If 0^(a) = 0^(b) = 0, then it follows from part (b) that 

V( b )*2(b) " V( a )* 2 ( a) > °* 

But clearly 

0 2 '(a) > 0, « 2 (b) > 0 

^'(a) > 0, 0 1 ’(b) < 0. 

This implies that 

« 1 '(b)0 2 (b) - 0 1 '(a)0 2 (a) < 0, 
a contradiction. 

(d) This follows from part (c) by replacing 0^ by -0^ and/or 0 2 by -0^, 

31. The desired equation is equivalent to 

lx ^ 

sin(n + ~)yi + 2 sin 2 cos(n + l)x = sin(n + -^)x 

X X 

= sin(n + l)x cos — + cos(n + l)x sin 2 

and thus to 

sin(n + ^x) = sin(n + l)x cos ^ - sin ~ cos(n + l)x, 
which follows from the addition formula for sin((n + l]x - ^x). 


32, (a) If f(x) = ax + 0, then for every P we have 
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33 . 


i(f, P) = s V(t - t i ± ) 2 +o 2 (t i - 7~)‘ 

i=l 

= 2 (t - t ± )V1 + o 2 

i=l 1 

= (b - a)v^1 + a 2 , 

and the distance from (a, aa + P) to (b, ab + 0) is 


“s/fa 


(a - b) ] 2 + (a - b) 2 = (b - a 


)Vl + a 2 . 


(b) If f is not linear, then there is some t in [a, b] such that 

(a, f(a)), (t, f(t)), and (b, f(b)) do not lie on a straight line. 
Thus if P = (a, t, b}, then 

i(f, P) = Vfi 


'(t - a) 2 + [f(t) - f(a)] 2 


+ [b - t) 2 + [f(b) - f(t)] 2 


> V^b - a) 2 + [f(b) - f(a) ] 2 , 


by Problem 4-8. 


(c) follows immediately from part (b). 


(a) For each i there is some in (t^ t i ) with 

f , (x 1 )(t ± - t 1 _ 1 ) = - f(t i ). 


So 


L( 


v4 + (f') 2 , P)< 2 (t. - t. .)Vl + [f>(x )] 2 < ^a/T" 

i=l 1 


(f') 2 ,P) 



HMD 
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and 

(t i - t 1 _ 1 )vTT = S V(t ± - 1 ±1 ) 2 + - t~)f 

= S - t^) 2 + [f(t ± ) - fCt^)] 2 

i=l 

= t{f, p). 

(b) Since sup (i(f, P)} is an upper bound for the set of all l(f, P), it 

is also an upper bound for the set of all L( y/l + (f 1 ) 2 , P), by part (a). 

(c) It suffices to show that 

sup(j(f, P)} < U(a/i + (f') 2 , p") 
for any partition P fl , and to prove this it suffices to show that 
i( t, P’) < U(a/i + (f) 2 , P") 

for any partition P*. If P contains the points of P 1 , then 

i(f, p) > t(t, p*) ; 

the proof is similar for the proof for lower sums, putting in one 
point at a time and using Problem 4-8 to see that this increases t . 

Thus if P contains the points of both P' and P", then 
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3^. (a) Problem 33 shows that 


£<*> 



1 


= ; 


X 



dt. 


dt 


[Actually, a more detailed argument is necessary, because / 1/vl - t 2 dt 

x 

is not an ordinary integral, but an improper integral. It does follow 
immediately from Problem 33 that 


length of f on [x, 1 - e] = J — ■ — • dt. 

x Vi - t 2 

To obtain the desired expression for<£(x) we must then use the fact 
that 

lim (length of f on [x, 1 - €]) = length of f on [x, 1]. 

€—0 

This is proved as follows. First of all, the following figure shows 
that the "length of f on [x, l] ,f does make sense; in fact, the length 
of f on [0, 1] is < 2. 
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The same sort of figure also shows that the length of f on [1 - e, 1] 
is < 2e. The desired limit then follows from this inequality and the 
fact that 

length of f on [x, 1 - e] + length of f on [1 - €, 1] = length of f on [x, 1]. 


The proof of this latter fact is very similar to the corresponding 
assertion for integrals.] 


(*>) 

(c) 


This follows from part (a) and the Fundamental Theorem of Calculus. 

_± 

By the definition given, cos =jQ , so 

cos'(x) = «rV(x) =—it— 

£'(£(*)) 

1 

= - a - = -sin x. 



2 

cos 


X 


The proof for sin*(x) is the same as the one in the text. 
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1. (a) Let A = area OAB. Since 


we have 


xy = 2A, 

2 2 , 
x + y =1, 


4a 2 + y 4 = y 2 . 


y 4 - y 2 + 4 a 2 = 0, 


2 1 + Vl - 16A C 

y = ~ n - 


We have 


2 

y = 


1 - Vl - 16A 2 


provided that y 2 < 1/2, or y < \/5/2. So 

_ y _ i /i - ViT 

“ 2 2 V 2 


area OAC 


I6(area OAB)‘ 


(b) 


Let P be the union of m triangles congruent to the triangle OAA' in 
m 

the figure below* 
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etc. 
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5* (b) Since cosh - sinh = 1 by part (a), we have 

2 


1 - 


sinh 

2 “ 2 * 
cosh cosh 


(d) 


u e x + e -X e y + e' y e X - e _x e y - e‘ y 

cosh x cosh y + sinh x sinh y = -^-*- 2 - + - 2 -~— 2 ~^ — 

x-fy -x-y x-y y-x x+y -x-y y-x x-y 

_ e . “ , ® ,6 ,6 ,s e e 

" - 5 — + -lj— + “Zj— + 1 — + IT - + -E-7T~ 


> x+ y + e -(*+y) 


= cosh(x + y) 


(f) Since 


we have 


cosh x = 


X , -X 

e + e 


2 


x -x 
e _ 0 

cosh’(x) = - 5 - = sinh x. 


6 . (b) It follows from Problem 5( a ) that 

2 2 2 
cosh (arg sinh x) = 1 + sinh (arg sinh x) = 1 + x , 

so 


cosh(arg sinh x) = 
since cosh y > 0 for all y. 
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(d) 


(arg cosh) (x) cosh'(arg cosh x) 

_ 1 _ 

sinh(arg cosh x) 

= 1 


8 . <b) 


(d) 


x e 

lim --- = lim — = oo # 

x-oo (log x) y—« y 


i n 

(-l) n (log —) 

11 m x(log x) n = lim -;--— 

x—0 + x-» 0 + - 


■ nm y)“ - 0. 

y—* y 


9 . [f is convex, since 

f'(x) = x x (l + log x), 

x 

f"(x) = x x (l + log x) 2 + > 0. ] 
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10. (a) If x > 0 and 

0 = f'(x) = 


n x n-1 x x, 
x e - nx e _ e (x - n) 

2n ~ n+1 

x x 


then x = n, so the minimum is at n, since lim f(x) = « = lim f(x), 

x—0 + X —oo 


So for x > n we have f(x) > f(n) = e n /n n . 


(b) If x > n + 1, then 

x n+l 

f,(1 ° 

by part (a) applied in the case n+l. It follows immediately that 
lim f(x) = oo (merely using the fact that f'(x) > € > 0 for some € and 

X—00 

all sufficiently large x). 


11. [f is convex, since 

«./ n x -n x n-1 

f 1 (x) s e x - ne x , 

x x -n x -n-1 x -n-1 , . * x -n-2 

f M (x) = e x - ne x - ne x + n(n + l)e x 

x 

= ~ ^ + g [x g - 2nx + n 2 + n] > 0 for all x. ] 
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12. (e) If f(x) = e bx , then f'(0) = b, so 

e by - 1 

lim --± = b. 

y^O y 

Thus 

lim x(e b//x - 1) = b. 

X—oo 

So 

log b = lim x(e' lQ ® b )/ x - l) 

X-»oo 

= lim x(b i///x - 1). 

X—>00 


13. We have lim f(x) = e by Problem 12(c) and 

X—* oo 

1 x 1 

lim + f(x) = lim (1 + -±) = exp(lim x log(l + i)) 

x —0 x —0 x —0 

= exp( lim x log( X + i )) = exp (lim [x log(x + 1 ) - x log x]) 
x- 0 + x x- 0 + 

= exp 0 = 1, using Problem 8 (d). 

Moreover, 

f(x) = (1 + |) X [log(l + |) - r -^ I ] - (1 + ^) X g(x). 

To analyze f ? , we notice that 

g'(x) 


-1 


1 + 


X 

-1 


(x + 1)‘ 


x(x + 1)‘ 


< 0 . 
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Thus g is decreasing. Since lim g(x) = 0, we must have g(x) >0 for all 

X —oo 

x > 0. So f is increasing. [Moreover, 


f"(x) 


(i ♦ |)* (i i 

1 


1 X 1 2 2 1 °8( 1 + P 

- (1 + x> [Uog(i +|)]-— £ - + 


- (1 + i) X logfl + §)[log(l + £) -j-f-j] 

1 X 1 
= (! + 7 ) log(l + i)h(x). 


(x + i) 2 (x + l) 2 


Now 


h'(x) 


1 -1 . 2 
1 * 2 + 2 
1 + | x (X + l) 2 

X - 1 

x(x + l) 2 


Thus h is decreasing on (0, 1] and increasing on [1, 00 ). But 

lim h(x) = lim log(l + |) - \ . 

x—0 x—0 + 

. n m (* + Diogt^) - g 

x — 0 x + 1 

. lim (* + l)log(* + 1) - (x + 1)log x - 2 
-- x + 1 


and 
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lim h(x) = lim log(l + ^) - 2 ± = 0 

X oo X —» oo 

and 

h(l) = log 2 - 2 < 0, 

so h(x) < 0 for all x. Consequently f”(x) < 0 for all x, so f is concave]. 



19. Notice that f is continuous, by Theorem 13-8. We therefore have f f (x) = f(x), 

so there is a number c such that f(x) = ce X . But f(0) =0, so c = 0, 

20. We have f"(t) = f f (t), so f'(t) = ce t for some c, so f(t) = a + ce t for some 

a. So 

1 

ce^ = (a + ce*') + I (a + ce*') dt 
0 

t 

= a + ce + a + ce - c, 

so a = c(l - e)/ 2 . 0 

21. (a) For n = 0 the inequality reads 1 < e X for x > 0, which is certainly true, 

since e° = 1 and exp is increasing. Suppose the inequality is true for 


n. Let 
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n+1 


f(x) = l + x+ ^ 7 +...+ 


(n+l)I 


Then 


f'(x) = l+ x+ — + ... + ^r< 


n 

x . x 
e , 


while f(0) = e®. It follows that f(x) < e x for x > 0. 


(to) 


lim £ > lim 1 + *±* 2 / 21 ± v- ? . + 2S n+ V(n + 1) 
n — n 

n-^oo x n-^oo x 


1 • 1 1 

lim — + - t 

n n-1 
n—oo x x 


21 x 


n-2 


(n + 1): 


22. Using the form of l f Hopital v s Rule which was proved in the answer to Problem 
11 -38, we have 

XX x 

lim — = lim —— T = ... = lim — = ». 

n n-1 , 

x—oo x x—oo nx x—oo nl 


23. If A(t) = P(t) - 10 7 , then 

A'(t) = P'(t) = 10 7 - P(t) = -A(t). 

So (by Problem 16) there is some number k. such that 

A(t) = ke _t . 
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Since A(0) = P(0) - 10 7 = -10 7 , we obtain k = -10 7 , so 

P(t) - 10 7 = -10 7 e _t , 

SO 

10 7 t = Nap log[10 7 - P(t)J 
= Nap log 10 7 e _t ; 

letting x = 10'e” , so that t = log(10 /x), we obtain 

7 10 7 

Nap log x = 10 log ——• 


24. (a) We have lim f(x) = -» and lim f(x) =0 by Problem 8. 

x—■ 0 X-*oo 



(b) Since f has its maximum at e, we have 

log e log 7r 

e 7T 9 


e log 7r > 7t log e 
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so 

e „ it 
7 r > e . 

(c) The equation x y = y x is equivalent to f(x) = f(y). The assertions in 
part (c) amount to the fact that the values f(x) for 0 < x < 1 or 

x = e are taken on only once, while the values f(x) for 1 < x < e are 
taken on for some x' > e, and vice versa. 

(d) Part (c) shows that the only possible natural numbers x < y with 
x y = y x must involve l<x<e, so x = 2 . 

(e) , (f) If f^ and f 2 are defined as in part (f), then g = f 2 _ 1 of^. The 

curve in part (e) is the graph of g on ( 1 , e); the straight line is the 
graph of the identity function. They "intersect" at (e, e) (more pre¬ 
cisely lim g(x) = e). 




Moreover, g is differentiable, since f^ and f g are differentiable and 
f 2 '(x) / 0 for all x in the domain of fg. In fact, we have 
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g'(x) = (f 2 “ 1 of 1 )«(x) = (f 2 _ 1 )»(fi(x)).f 1 , (x) 

--J:- f .(x) 

f 2*( f 2 ( f ±( x ))) 

_ [g(x )] 2 1 - log x 

1 - log g(x) x 2 

25. (a) exp is convex, since exp"(x) = exp(x) > 0 for all x. Similarly, log is 

2 

concave, since log ,f (x) = - 1 /x < 0 for all x > 0 . 

(b) Naturally we are assuming that > 0. Problem 8 of the Appendix to 

Chapter 11, applied to the convex function exp, shows that 

n n 

exp( 2 p ± log z ± ) < 2 exp( log z ± ) 

i=l i=l 

or 

^1 P n 

Z 1 *’"* * z n ^ p i z l + •** + p n z n* 

(c) Choose p^ = 1/n. 

26, Prom f f = f we conclude that f(x) = ce X for some c. Prom 

f(x + 0 ) = f(x)f( 0 ) 

we conclude that either f(x) =0 for all x, or else that f( 0 ) = 1 , in which 
case c - 1 . 


0 
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27. Suppose that f / 0. From f(x + 0) = f(x)f(0) it follows that f(0) = 1. Then 
from 

1 = f(0) = f(x + (-x)) = f(x).f(-x) 

it follows that f(x) / 0 for all x. Moreover f(x) >0 for all x, since 

f(x) = f(x/2 + x/2) = f(x/2) 2 . 

Now if n is a natural number, then 

f(n) = f(l + ... + 1) = f(l) n ; 

n times 


moreover. 


so 


Similarly, 


1 = f(0) = f(n + (-n)) = f(n)*f( r n). 


f (- n ) = T77A 


f( n ) " f(1) n 


f(i) - f(J+... + b = f(h n . 


n times 


80 f (^) = y f(l) = f(l) ly/n . Finally 

f <i> ‘ f <S + ••• " f <H>” - f < 1 )” /n - 


m times 
iX 


Since f agrees with g(x) = [f(l)] for rational x, it follows from Problem 
8-6 that f = g. 
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28. If g(x) = f(e x ), then 

g(x + y) = f(e x+y ) = f(e x -e y ) = f(e x ) + f(e y ) = g(x) + g(y). 

It follows from Problem 8-7 that g(x) = cx for some c. If c = 0, then f = 0. 
If c / Q, then 

f(e) = f(e 1 ) = g(l) = c, 

SO 

f(e x ) = f(e)x 
or 

f(x) = f(e) log x for x > 0. 


29. The formulas for f'(x) and f"(x) (for x / 0) given in the text suggest the 
following conjecture, which is easy to prove by induction on k: 


:<*>(*) . e -iA 23 E 

i=l x 


It is then clear that f^(0) = 0 for all k, using the same argument as in 
the text. 


for some numbers 


30. The following conjecture is easy to verify: 

for some numbers 
a l'* ,,ja 3 k’ b l ,, “ ,b 3 k‘ 




(x) = e 


_ o' 1 /* 


3 k 1 3 k b 

£ _i sin i + 2 -r 

i=l i X i=l x 1 


1 

cos - 
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31. 


It is then clear that f^ k ^(0) = 0 for all k, as in the previous example 
(note that |sin l/x| < 1 and |cos l/x| < 1 for all x / 0). 


(a) If y(x) = e ax , then 


V^ n ^ x ) + v.^ 11 " 1 ^) + ••• + a iy'( x ) + a 0 y( x ) 

= a n a n e aX + a^ ^a n- ^e aX + ... + a^ae aX + age ax 


= eax <v n + v /' 1 + 


+ a 


1 ° + a 0 ) = °* 


(b) If y(x) = xe ax , then 

M) 


. , / % i ax . i-1 ox 
y' ' (x) = a xe + la. e 


(This formula can be verified by induction, or deduced from Problem 
10-15.) So 

V (n) ( x ) + a n _iy (n-1) ( x ) + ... + a ± y'(x) + a Q y(x) 


_ ax r n xi --l , 

= x e La^a + a n-1 ot + ... + a ± a + a Q ] 

ax r n-1 , 

+ e [ na^a + ... + a. ± ] = 0 

(the second term in brackets is 0 because a is a double root of (*)) 
(c) If y(x) = x k e ax . 


n-1 


then by Problem 10-15 
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y( / )(x) =[ 2 


C) 


k-s 1-s, ax 
x a ] e . 


s=0 ' ' (k - s)J 


So 


2 a iy ( f )(x) = 2 [ 2 (t\ aX‘ S ] 

=0 s=0 1 =0 \ S / 


k n 


1-s., kl x k-s g ax _ q 


1=0 s=0 1=0 W (k-s)J 

(the terms in brackets are 0 because a is a root of (*) of order 
s + 1, for each s < k). 


(d) If y ± ,...,y n satisfy (**), 


then 


S a.(c 1 y 1 +... + c y ) (1) = 2 (c 2 a f y (f) ) = 0. 

5=0 1 1 n n j=l J 1=0 J 


32. (a) From 

0 = f'(f" - f) = f’f" - ff' = |l(f') 2 - f2 3' 

it follows that (f ') 2 - f 2 is constant. The constant must be 0, since 
f( 0 ) = f'( 0 ) = 0 . 

(b) Since f(x) / 0 for x in (a, b), it follows from part (a) that either 
f'(x) = f(x) for all x in (a, b) or else f'(x) = -f(x) for all x in 

(a, b). Thus either f(x) = ce x or else f(x) = ce -x for all x in (a, b). 

(c) Let a be the largest number in (0, x^] with f(a) =0. Then f(x) / 0 
for x in (a, x Q ). But then f(x) = ce x or f(x) = ce" x for all x in 
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( a j x q )3 where c ^ 0. This contradicts f(a) = 0, since f is continuous, 

since f(a) = 0 ^ lim ce x or lim ce -x . 

x —a x—a 

33. (a) Let 

a = f (°) + f '( 0 ) 

b = fL0 )_ -_f'( P) . 

If g(x) = ae X + be _x - f(x), then g" - g = 0, so f(x) = ae X + be _X . 

(b) Note that 

V if x -X X , -X 

ae x + be -x = (a - b) ~ - e - + (a + b) - e -~ ± e 


= (a - b) sinh x + (a + b) cosh x. 


(Comparing with part (a) we see that 

f(x) = f'(0) sinh x + f(0) cosh x, 
in exact analogy with the trigonometric functions.) 


34. (a) We have f (n-1 )(x) = ce X , so 

f(x)'= a Q + a ± x + ... + a n _ 2 x n-2 + ce x . 


(b) We have 
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An-2), s x . -x 
f' '(x) = ce + de 

by Problem 33, so 

f(x) = a Q + + ... + + ce x + de“ x . 

35. (a) Since 

g'(x) = f'(Xg + x)f(X Q - x) - f( X Q - x ) 

- f ( x o + x ) f ( x o - x ) - f ( x o + x ) f ( x o - x ) - °> 
the function g is constant. Moreover, g(0) = f(x^) 2 / 0. So 

f(x Q + x)f(Xg - x) / 0 for all x, 
which implies that f(x) / 0 for all x. 

(b) Let f = f 1 /f 1 (0), where f ± / 0 and f^' = f^. 

(c) Since 

g .(x) _ f(x)f'( x + y) - f(x + y)f’(x) 

f( X ) 2 

_ f(x)f( x + y) - f( x + y)f(x) _ n 
2 “ 
f( x ) 

the function g is constant, and clearly g(0) •= f(y), so f(x + y)/f(x) 
= f(y) for all x. 
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(d) f is increasing, since f(x) = f(x/2 + x/2) = [f(x/2)] > 0. Moreover, 

(f -1 )'(x) =-- 

f(f X (x)) 


f(f‘ (x)) 


1 < 

x 


36. Let M n be the maximum of |g^| + ... + |g n l on [0, n] and choose f so that 
f(x) > nM n on [0, n]. 



37 . If there were natural numbers a and b with log^g 2 = a/b, then 

2 = 10 &//b , 


so 2 b = 10 a . This contradicts the fact, mentioned in Problem 1-16, that an 
integer can be factored uniquely into primes (since the product 2 b does not 
involve the prime 5, while the product 10 does). 
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2. (ii) -e /2. (Let u = -x .) 


(iv) -l/(e X + 1). (Let u = e X .) 


(vi) (arcsln x 2 )/2. (Let u = x 2 .) 

2 3 / 2 2 
(viil) -(1 - x ) /3. (Let u = 1 - x .) 


(x) [log(log x)]V2. (Let u = log(log x).) 


3. (ii) 


(iv) 


O x 2 2 X 2 x 2 e X x 2 

/ x 3 e X dx = / x 2 (xe X ) dx = —x-/ xe dx 


_ 2 2 
2 x x 
x e e 


/ x 2 sin x dx = x 2 (-cos x) +2 / x cos x dx 


= -X 2 cos x + 2[x sin x - / sin x dx] 


= -x cos x + 2x sin x + 2 cos x. 


(vi) 


/ log(log x)*i dx = (log x)*log(log x) - / log x*Y^|- 
= (log x)»log(log x) - log X. 


271 


XlP- 
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(viii) 


/ l*cos(log x) dx = x cos(log x) + / x sin(log x)•— dx 


= x cos(log x) + / l*sin(log x) dx 


so 


(*) 


= x cos(log x) + [x sin(log x) - / x cos(log x) • 


/ cos (log X) dx = x , cos(lo g x) + x sln( log x) 


/ x( log x ) 2 dx = -/ 75 — 2 log x*— dx 

= x ) -/ x log x dx 

- *fii°§_xif. (idiot*. J fi§ dx) 


2 /n *2 2 . 3 
x (log x) x log x x 

2 ‘ 2 + (T* 


4. (ii) Let x = tan u, dx = sec 2 u du. The integral becomes 


r sec u du r , , , . j_ \ 

J — —- - - - / sec u du = log(sec u + tan u) 


vTT 


^ 2 
tan u 


= log(x 


+ Vi + x 2 ). 


(iv) Let x = sec u, dx = sec u tan u du. The integral becomes 
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r sec u tan u du r . , 

J — . - = J 1 du = u = arcsec x. 

sec uVsec^ u - 1 

(This can be also expressed in terms of more familiar functions as 
arctan (Vx 2 - 1).) 

2 

(vi) Let x = tan u, dx = sec u du. The integral becomes 


/ _ sec u - du _ = / s £ c -¥-J^ = / esc u du 

J --- J tan u du J 


tan 


uv^T tan"" u 


/ 2” 

= —log( CSC u + cot u) = -log(«~ + — ) 




(viii) Let x = sin u, dx = cos u du* The integral becomes 


r / 72 , r 2 r 1 + cos 2 u , 

J y/1 - sin u cos u du = J cos u du = J -g- du 


u sin 2 u 

= 2 + — r~ 


u . sin u cos u 
2 2 


arcsin x x- 


Vl - X 2 


(x) Let x = sec u, dx = sec u tan u du. The integral becomes 
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/ 7 sec 2 u - 1 sec u tan u du = / sec u tan 2 u du 

O Q 

= / (sec u)(sec u - 1 ) du = / sec"' u du - / sec u du 


= ^[tan u sec u + log(sec u + tan u)] 


by Problem 3(vii) 


- log(sec u + tan u) 


1 „/2 
= g xVx - 


1 “ o lo s( 


x + 


i). 


5. (ii) Let u = e , x = log u, dx = 1/u du. The integral becomes 

r du f 1 1 

J u(l + u) " J u ■ 1 + u au 

= log u - log(l + u) 

= X - log(1 + e x ). 


(iv) Let u = \/l + e x , x = log(u 2 - 1), dx = 2u/(u 2 - 1) du. The integral 
becomes 

r 2u du r 1 1 

/ -p- = J - + - du 

u(u - 1) u + 1 u - 1 

= log(u + 1) + log(u - 1) 


= log( 1 +y 1 + e x ) + log(-v /1 + e X - 1 ). 

(vi) Let u = y y/x + 1, x = (u 2 - l) 2 , dx = 4u(u 2 - 1) du. The integral 


becomes 
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/ Mh , - 1L*S = L? . 4u 

3 


u 


3/2 


1/2 


= j( yx + i) - 4( /x + i) . 

(viii) Let u = X = u 2 , dx = 2u du. The integral becomes 

/ 2ue U du = 2ue U - 2 / e U du 

= 2 Jxe ‘S* - 2e 


(x) Let u = 1/x, x = 1/u, dx = -1/u du. The integral 


becomes 


r /l/u - 1 2 1 

/ /-*---g 

^ 1/u +1 u 


, Vl - U , f 1 - U J.. 

du = - / — - du = - / — _~— du. 


^ + u -v/l _ u 2 

Now let u = sin t, du = cos t dt. The integral becomes 


j 1 ~ cos t dt = / 1 - sin t dt 


cos t 


= t + cos t 

u + 'y/1 - u 2 


= arcsin 


1 \/x 2 - 1 

= arcsm — + ---- 


6. In this answer set, I will denote the original integral. 


(ii) , 2 3 2 

I = / --—- dx + -2—_ dx = - - 


(x - 1)‘ 


(X - 1)- 


(x - 1) 2(x - 1)‘ 
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(iv) 


x r 1 jL a 

1 “ * + - + -P dx = log(x + 3) + log(x - 1)--—. 

x + 3 x - 1 (x - l) 2 x - 1 


(vi) 


I -/ 


X 2 + 1 (X 2 + l) 2 


dx 


(viii) 


I = / 


- + *[—£— + 4; 


2(x c +1) 2 x 2 + 1 


dx] 


= lo g(* + 1 ) . . 


p 

+ 1 


+ arctan x. 


dx 


x + 2x + 1 - 2x c 


-/ 


dx 


(x 2 + l) 2 - 2x 2 


=; 


dx 


. 1 A 1 
_ r ~ g . ' ~r x + 2 

~ J 5 I + —x- dx 


(x 2 + */2x + l)(x 2 - y/2x + 1) (X 2 + v£x + 1) + <X 2 - J2x + 


1) 


dx 


_ V1 /• (2x + y£) dx 1 - 

3 J ,2 r - + IT / —o’ _ 

(x + V2x + 1) (x 2 + J2x + 1) 


_vf r (2x - 1 / 2 ) dx 1 

TT J 9-=-- + TT 


(x 2 - v5x + 1) ^ (x 2 - v£x + 1) 


dx 


Vi 


= log(x 2 + Vix + 1) - log(x 2 - V?x + 1) 

dx . 1 , dx 


+ ^/ 


+ J/ 


( Vix + i) 2 + i 2 (- vix + 1) 2 + 1 
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= log(x 2 + >/5x + 1) - log(x 2 - a/2x + 1) 

+ arctan( v£x + 1) - arctan(-V2x + 1). 


(*) 

I= l^ — 


2x + 1 , 3 r 

- 3 dX - 2 ' , __2 


dx 


(x + x + 1)' 


-3 


- 1 / 


(x + x + I)' 
dx 


4(x 2 + x + l) 2 2 


((X + §) + j ) 3 


-3 


3/4 


4(x 2 + x + l) 2 2 ' 3 


m i 


It 


X + 

V^) + 1 


l 

, X + — 

^ (let u = — -—-> dx = -/3/4 du) 


V3A 


4(x 2 + x + l) 2 


- 32 / 


du 


(u 2 + l) 3 


4(x 2 + x + l) 2 


- 32>/374 


<u 2 + l) 2 + l/ (u 2 + 1) 2J 


—-X - % - 24 t| 


4(x 2 + x + l) 2 (u 2 + l) 2 


1 u . 1,1 J .. 1 

2 2 + 2^2 

2 (u + 1) 2 u 2 + 1 


-3 


4(x 2 + x + l) 2 (x 2 


8x + 4 4 12x +6/4 12 

P * Q “ O / *3 + O 

~ + x + 1) ^ X + x + IV ^ X + X + 1 


7 . (i) (arctan x) /2. 
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(ii) 


/ ---=• arctan x dx = -—- 5 arctan x - / 


x dx 


(1 + x 2 )' 


4(1 + x ) 

-arctan x . 1 

-2 + -3* 

4(1 + x 2 ) 6(1 + x 2 ) 


(1 + x 2 ) 


(ill) 


/ logVl + x 2 dx = x log + X 2 - / x< 


2 x 


'v/l + x 2 Vl + x 2 


dx 


= x 


logVl + x 2 
= x logVl + x 2 


= x 


logVl + x 2 


r 2X „ 

/ -2 dx 

1 + X 


/ 2 + —dx 

1 + X 


- 2 x + 2 arctan x. 


(iv) 


/ X log-s/l + X 2 dx = 7 J- logVl + X 2 - / 75 — 


2x 


2 , 2 
1 + X 


= logVl + X 2 - / x-— 


dx 


dx 


x 2 , A 2 x 2 log(l + x ) 
= — logVl + x - — + —- L 


1 + X 

2 .. 2 , 
2 ~ ' 2 


(v) Let 
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y = 


x 2 - i 
x 2 + l’ 


2 2 , 
yx + y = x - 1, 


y+l=x(l-y) 


dx = 


1 - y _ ±_ 


1 + y (i-y) : 


dy. 


The integral becomes 


1 + 


A - y 1 

i + y\ 2 V ' 1 + y ( 1 - y> : 


dy 


(Bf) 

—*■ 


1_ A - y 

c 1 - y) a / 2 7 2 y 2 Vl + y 


dy 


= I 


(i - y) 

y_l_A - y 


f 1 - y > v'a + 2 y 2 


dy 


= JL / y dy _ 

^ Vi _ y 2 Vl + y 2 
2 

Now let u = y , du = 2y dy. 


(multiplying top and bottom of the 
previous expression by V 1 - y). 

The integral becomes 


— i 
2 A 


_du_ 

vl - u vT~ + u 


1 j- du 

vTT7 


- arcsin u 

2 A 
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(vi) Let u = Jx y x = u , dx = 2u du. The integral becomes 

2 


/ 2u arcsin u du = u arcsin u - / 


du. 


*J~L - u 2 

Now let u = sin t, du = cos t dt. The integral becomes 


I 


sin t co_s_t dt = ; sin 2 t dt = / 


'sf 1 - sin 2 t 


1 - cos 2t 


dt 


t. sin 2t 
2 4 

t sin t cos t 
2 2 


So the original integral is 

v / 2 

jin u u v l - u 


2 . arcsin 

u arcsin u ~ - 


= x arcsin 


y/x - 


arcsin 


in yGc - 


(vii) Since 

/ ^-L- dx = tan x - sec x (Problem l(viii)) 

1 + sin x 

v;e have 

/ X‘- A -- dx = x( tan x - sec x) - I tan x - sec x dx 

1 + sin x ' 

= x(tan x - sec x) + log(cos x) + log(sec x + tan 


(viii) 

/ x cos x e°^ n X dx - / sec x tan x e dx 
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, sin x r sin x 
= (xe - / e 

sin x 


= xe 


- sec x e 


dx) - (sec x e 
sin x 


sin x 


- f sec x cos x e 


sin x 


dx) 


(ix) Let 


u = Vtan x, u = tan x 


x = arctan u 
2u 


dx = 


du. 


2 

r 2u dU r 

J - 5 = I 


1 + u 

The integral becomes (compare with Problem 6(viii)) 

Vi _VL 


1 + u u + V5u + 1 u - S2U + 1 


du 


- V2 
= T~ 


vi 


log(u^ + ‘/2u + 1) + —jj— log(u - V&i + 1) 

vi r~.. . .v 


+ arctan( >/2u + 1) - —arctan(- v£u + 1) 

= ~ log(tan x + V 2 tan x + 1) + log(tan x - V2 tan x + 1) 


+ arctan( V2tan x + 1) - arctan( - V2 tan x + 1). 


Vi 


(x) 

, dx , dx 

I ” / 2 5 2 

x° + 1 (x^ + l)(x 4 - x^ + 1) 


dx 


(x 2 + l)[(x 4 + 2x 2 + 1) - 3x 2 ] 


= / 


dx 


(x* + l)[(x 2 + l) 2 - 3x 2 ] ’ (x* + lHx* + V3x + l)(x* - V3x + 1) 


= / 


dx 
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»/ 


1 

3 


-^x + - 

^T x 3 


^ x + I 


x 2 + 1 x 2 + 73 x + 1 x 2 - V5x + 1 


dx 


arctan x , 2x + </3 , 1 r 

-r^J Q _ aA J 2 


dx 


12 J X 2 + </3x + 1 


-4f , £x 75 ***&! s 


X + <y/3x + 1 
dx 


x- - a/3x + 1 ' x* - ,/3x + 1 

arctan x . V§ , , 2 . a . ,, v'5,,2 p * v 

= - 3 - + log( x + </ 3 x + 1)-log(x - v 3 x + 1) 

+ £ arctan( 2 x + */ 3 ) + £ arctan( 2 x - -/ 3 ). 


8. (iv) Let x = cosh u, dx = sinh u du. The integral in Problem 4(iv) becomes 

r sinh u du 
cosh u sinh u 


since u = arg cosh x = log(x + - 1), as found in Problem 17-7. 

Comparing with Problem 4(iv) we cannot conclude that 

2 arctan(x + V? - 1) = arctan(^/x 2 - 1), 

but only that these two expressions differ by a constant. As a matter 
of fact, we can only conclude that there are two constants c^ and c^ 


/ 

/ 


du 


cosh u 
2 

u , -u 
e + e 


du a / 


2e 


u 


1 + e 


2u 


du 


2 arctan e 


u 


2 arctan(x + a/x 2 - 1), 


with 
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2 arctan(x + y* 2 - 1) = arctan( vx-l) + for x > 1, 

2 arctan(x + Vx 2 - 1) = arctan( V^-l) + c 2 for x < -1. 

By setting x = 1 and -1 it is easy to see that = ti/2 and = -tt/2. 


(vi) Let x = sinh u, dx = cosh u du. The integral becomes 


r cosh u du r du 

* e rv h n ^ ac W n * 


sinh u cosh u J sinh u 


r 2 J r 2e u du 

= / -- du = 1 ~ 2u 7 

e - 1 


u -u 
e - e 


= / 


u u 

®- du 

e u + i e u - 1 


= -log(e u + 1) + log(e u - 1) 


. ( e u - l \ _ . / Vx + 1 + x - l\ 

V + J' v£7T + x + 1 / 


(ix) Let x = sinh u, dx = cosh u du. The integral becomes 


e 2u 1 _ e" 2 ” 


/ cosh u du = / —jj— + g + 


du 


2u „ -2u 

e . u e 

8 2 ‘ 8 


(x + Vi + x 2 ) , log(x + *y±-+ X 2 ) 

— o ^ " 


8(x + Vl + x 2 )‘ 


(x) Let x = cosh u, dx = sinh u du. The integral becomes 
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p CU - -dU 

f sinh u du = / ■ — du 

e^ 1 u e 2u (x + Vx 2 - 1) 2 log(x + Vx 2 - 1) 1 

= ir- 2 --ir-= 8 . 2 L -- 1=1 

8(x + vx‘ - 1) 


9. (i) 


1 + _gt. ± + t 2 


2 dt = / _2_3L 


= ; 


2 dt 


-2 


-2 


1 + 2t + t 


1 + t‘ 


(1+t) 2 1 + t 1 + tan 7 j 


Comparing with the formula 


j„ r 1 - sin x , f 2 , , 

dx =j - 5 — dx = J sec x - sec x tan x dx = tan x - sec x. 


1 + sin x 1 - sin & x 

we can conclude that 


-2 


= tan x - sec x - 1. 


1 + tan 7 j 

(This can be checked most easily by expressing everything in terms of t 

2 


2t 1 + t 


1 + t 1-t 2 1-t 2 


- 1.) 


p p 

(ii) Let t = tan x, dx = 1/(1 + t ) dt. Then sin x can be expressed in 


sin x = 1 


2 

cos x 


= 1 


1 


2 

sec x 


= 1 - 


tan x + 1 


= 1 - 


i + t 2 i + t 2 


terms of t as 





CALCULUS 


285 



(iii) 

r 1 2 f 2 

/ 2* 2 ^ “ / p 

2at b - bt 1 + t 2at + b - bt 

2 + ? 

1 + t 1 + t 

If b >0, this can be written 





286 CHAPTER 18 


If b < 0, the integral can be written 


2 dt 


= I 


2 dt 


12 2 . ,2 


-bt- + 2at + b ( b 




logf •/-bt + a 




f ~2 ~2 

Va + b 


Va 2 ■ 


/ /-r . . a . V a + b 

--i- log V-bt + - + --- 

V-b «/-b 1 V vCb -fb 


It is also possible to write 


dx 


a sin x + b cos x J A sin(x + B) 


= i 


dx 


where 


= - j log(csc(x + B) + cot(x + B)), 


= Va + b 2 


sin B = 


Va 2 + b 2 


(iv) 

4t S 


cos B = 


a /2 7F 

Va + b 


(i +1 2 ) 2 1 +1 2 


dt = 8 / 


(1 + t 2 ) 2 (1 + t 2 ) 3 


dt 
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= -8 


L ( 1 + * ) 


* + 3 r 

272 + 5 J 


(1 + t 2 ) 2 


dt 


+ 8; 


(1 + t 2 ) 2 


dt 


-2t nf l t 1 , 

+ 2[--- + -s / 


(1 + t 2 ) 2 


2 p p J 2 

1 + t 1 + t* 


dt ] 


-2t 


(i + t 2 ) 2 i +1 2 


+ arctan t 


-2 tan x/2 tan x/2 x 
“ II p ~*~ 

sec x/2 sec x/2 2 


= -2 sin x/2 cos 0 x/2 - sin x/2 cos x/2 + x/2 

2 

= -2 sin x/2 cos x/2(l - sin x/2) - sin x/2 cos x/2 + x/2 

f A > 

1 - COS X 


= -sin 


= -sin x 


■ [ i ■ { 

t 1 


sin x x 
2 2 


+ cos X 1 


+1 


-sin 2x x 

— 5 — + 2 * 


(v) 


1 2 f 2 dt 

-lOt-2 dt = / —o- 

3 -~2 1 + t 2 3t 2 + lOt + 3 


1 + t 


= ; -^r + -^4 at 

J 3t + 1 t + 3 

= | log(3t + 1) - log(t + 3) 

= f log(3 tan | + 1) - | log(tan | + 3), 
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10 . 


(a) The given formula shows that 


r l r cos x , j- r 

/ sec x dx = ^ J l ~ sin -x dx + 2 J 1 - sin x 


dx 


i i 

= ^ log(l + Sin x) - 2 log(l - sin x) 


= log^/l + sin x - log^/l - sin x 

Jr 


= log 


+ sin x 
sin x 


= log 


[(1 + sin x)' g 
1 - sin x 


/1 + sin x \ 
\ cos x / 


(t) 


= log 

= log(sec X + tan x). 

With the substitution, t = tan x/2 the integral / sec x dx becomes 

u2 


I 


1 + t‘ 

2 * 2 
1 - t 1 + t 


= / 


dt 


1 + t 


dt 


= log(l + t) - log(l - t) 


= Id 


Now 
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sec x + tan x — / x/g) + tan 2(x/2) 

_1__ , 2 tan x/2 

2 2 + P 

cos x/2 - sin x/2 1 - tan x/2 

_1_ 2 tan x/2 

2 cos 2 x/2 - 1 1 - tan 2 x/2 

1 , 2 tan x/2 

2 + 2 

-rx- - 1 1 - tan x/2 

1 + tan x/2 
2 

1 + tan x/2 + 2 tan x/2 
1 - tan 2 x/2 

l + 2t + t 2 (1 + t) 2 1 + t 

1 - t* 1-t 1 - t 


12. (b) If F = / f(x) dx, then 

/ f 1 (x) dx = / l*f _1 (x) dx = xf _1 (x) - / x(f -1 )'(x) dx 

= xf -1 (x) - / --j- dx. 

f'(f" (x)) 

The substitution u = f (x), x = f(u), dx = f»(u) du changes the new 
integral to 

I du = F(u) = F( f _1 (x)), 

SO 
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/ f _1 (x) dx = xf _1 (x) - F(f _1 (x)). 


14. 


/ log(log x) dx = / 1 • log( log x) dx 

= x log(log x) - / dx 

= x log(log x) - / x dx. 


15. 


p 2 2 
/ x e X dx = / x(xe -X ) dx 


-x . 2 

— x + p / e~ x dx. 


16. (Use the substitution u = e x .) The function g(x) = l/(x^ + x + 1) has an 
elementary primitive G, since it is a rational function. Then Goexp is a 
primitive of f. 


18. (a) 


r n x , n x r n-1 x 

Jxe dx = x e - n/ x e dx. 


(b) 


I (log x) n dx = x (log x) n - n / x (log x) n_1 ^ dx 


= x (log x) n - n / (log x) n-1 dx. 
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19. By Problem 4(x), 
cosh x 


cubii ^ r-^ - — _ 

/ Vt - 1 dt = — cosh x v cosh 2 x - 1 - i log(cosh x +Vcosh 2 x - 1) 


cosh x sinh x 1 , 

- 2 - " 2 lo s( cosh x + sinh x) 

cosh x sinh x x 

2 “ 2 * 


20. By Theorem 2, with g(x) = a + b - x, 

b b 

I f(a + b - x) dx = - / f(g(x))-g'(x) dx 

a a 


g( b ) a b 

/ f(x) dx = - / f(x) dx = / f(x) dx. 
g(a) b a 


21. By Theorem 2, with g(x) = x/r, 

r 


/ 

-r 


Vf2 _ „2 _2 ,* 1 


x dx = r / - /l 

-r 


(?r 


dx 


= r / 


a/ 1 - 


[g( x )] g'( x ) dx 


-r 


2 r 
= r / 

-1 

-znf. 

2 


1 ^- 


2 

x dx 


22 . The formula is true for n = 1 by Problem 14-5. Suppose that it is true for n. 


u 


Let F(u) - / f(t) dt. Then F is a primitive of f with F(0) = 0. So 
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/ f(u)(x - u) n+1 _ P(U)(X - U ■ X . ; X -?(»)[» ax 

J 0 (" + !)! (" + 1)! u = 0 0 


U U l 

■° + nr(-(i p(t > at ) au =)--) 


du 


n 


-nri-u 1 ( ; o Uf<t) dt ) au 0-) d v 


which can also be written as 

u n+l 


f(f (■■■(' f(t) dt W-) 


du 


n+1* 


23. 


lim / f(t) sin At dt = lim 
A-*co a A-^oo 

= 0, 


-f(t) cos At 
A 


b + / f ’( t ) c ° . ^ . At , dt 

a a A 


since 


-f(t) cos At 
A 


<J (|f(H)l + |f(a)|). 


f'(t) cos At t 
A 


<t/ |f’(t)! dt. 


24. For each N we have 


N 

/ u T (x)v(x) dx = u(x)v(x) 
a 


N N 

- / u(x)v’(x) dx. 
a a 


The desired equation follows by taking limits (and shows that if any two of 
three symbols involved exist* the third does also). 
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25. (a) The integral 

00 

r -t.X-1 ,, 

Jet dt 

1 

00 

certainly exists, because / t“ dt exists (Problem 14-15), and for 

-t x—1 -2 

sufficiently large t v/e have e~ t < t (by Theorem 17-6). On the 

1 

— t X—1 X— 1 r X— 1 

other hand, if t > 0, then e t < t ; since the integral J t 

1 x ± 0 

exists for x > 0 (Problem 14-17), it follows that / e t t x " dt exists 

0 

for x > 0 (it is an improper integral if x < 1). 


(b) 


T(x + 1) 


r -t,x 
= J e t dt 


-t, x 
= -e t 


t = 00 00 *-1 

+ / xe” t dt 
t = 0 0 


= 0 + x f e” t t X “ i dt = xr(x). 


(If x < 1, then we are also using a second version of integration by 
parts to take care of the integral from 0 to 1.) 


(c) 


r (l) = / e -t 
0 


dt 



= 1 . 


This proves that r(l) = (1 - 1)!. If T(n) = (n - 1)1, then r(n + 1) 
= rX(n) = n*(n - 1) i = n], so the formula is true for all n, by 


dt 


induction. 
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26. (a) 


V2 


r . n l n-1 

J sm x dx = - — sin x cos x 

0 n 


7T/2 


n-1 


V 2 o 

r . n-2 

J sin x 


. 71 /2 

= — / sin 11-2 x dx. 

n 0 


(*) 


// 2 __._2n+l 
0 


2n 


tt/2 


sin "" x dx = . •/ sin 2n_1 x dx 

+ 0 

7T/2 

2 n 2n - 2 r 7 • 2n-3 

-.j sin ^ 


2n + 1 2n - 1 


x dx 


2n 2n - 2 2 f ' v “ . 1 

r sm. 3 1 5121 x dx 


tt/2 


2n + 

2n 2n - 2 


2 

# 3* 


2n + 1 2n - 1 

(A proof by induction is lurking in the wings.) Similarly, 


7 t/2 

f sin^ n x dx = 
0 


2n 

2n - 1 


2n 


± n/2 

f sin x dx 
0 

1 77 

• —•—. 

2 2 


( c ) 


0 < / 


^ 2n+l .V 2 ?n tt/ 2 

sin x dx < / sin 2 x dx < / / 

0 0 “ 0 


. 2n-l 

sm x dx 


so 


dx 
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7T/2 7T/2 

\ • 2n ^ r / . 2n-l . 

J sm x dx J sin x dx 


1 < 


0 


— 7T/2 ~ ~ 

r / . 2n+l 

J sm 

0 


- V 2 


o 


- f ' • 2n+l 

dx J sin x dx 

0 


;" A Sin 2 "- 1 x dx 


sin x dx 


2n + 1 


= 1 + 


2n 


If n is large, then 


, . /2.2*4*4*... 

close to / - -- 

V 1*3‘3‘5*... 


2n*2n 

(2n - 1) (2n + 1) 


_ 2*4»... • 2n _ 

•J 2n + 1*1»3*5*... • ( 2n - 1) 


/j 

y 2n 

■Z2 


1 2*...*2n 

^ 1*3*...*(2n - 1)* 


Since y(2n)/(2n + 1) is close to 1 for large n, the result follows. 
[Wallis' procedure was quite different. He worked with the integral 

J (1 - x 2 ) n dx 
0 

(which appears in Problem 27), hoping to recover, from the values ob¬ 
tained for natural numbers n, a formula for 
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Wallis first obtained the formula 


/ (1 - x 2 ) n dx 

0 


2 4 

3*5' 


2n 


2n + i 


( 2»4»...»2n) 


_ . = _ (nl) 2 

2»3*4*...*2n(2n + 1) 2n + 1 (2n) l’ 

(by what method I am not certain). He then reasoned that 7r/4 should be 

‘ 4 2 


I (1 - x 2 ) 
0 


2 . 1/2 , 2 

w dx = — 




+ -{ W - 


± 

If we interpret J to mean r(l/2), this agrees with Problem 29, but 
Wallis did not know of the gamma function (which was invented by Euler, 
guided principally by Wallis' work). Since (2n)i/(nl) 2 is the bi¬ 
nomial coefficient Wallis hoped to find -|j by finding^ + 

for p = q = 1/2. Now 



(P + q) (P + q - 1)-. 
qi 


• •*( P + 1 ) , 


and this makes sense even if p is not a natural number. Wallis there¬ 
fore decided that 



With this 


interpretation of 



for p = 1/2, it is still true that 


( p + p + 1 ) 


£-t q + i (p + q\ 
q + i V p ) 
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Denoting 


-(V) 


by W(q) this equation can be written 


2 + q + 1 


2q + 3 


W(q + 1) . ‘ ± »(«) - f»(«)- 


which leads to the table 


q 

W(q) 


3 

2 


3.5 

2 £ 


3.5 7 

TVZ 


But, since W(l/2) should he 4 /tt, Wallis also constructs the table 


q 


1 3 

2 2 


5 

2 


• • • 


"(q) £ 

Next Wallis notes that if a^, 
W(q + 1), W(q + 2), W(q + 3), 


4^4 4 # 4 # 6 

7T*3 tt*3*5 

a 2 , a^, a^ are 4 successive values W(q), 
appearing in either of these tables, then 



which implies that 


(because 


2q + 3 

2q + 2 


> 


2qj_5 
2q + 4 


> 


2q_jt7 s 

2q + P ’ 



Wallis then argues that this should still be true when a ± , a 2 , a^, a^ 
are four successive values in a combined table where q is given both 
integer and half-integer values] Thus, taking as the four successive 
values W(n + |), W(n), W(n + |), W(n + 1), he obtains 
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y 4 4 6 2n + 4 446 2n + 2 

it" 3*5 * * * *2n + 3 . 7r*3'5** 1 

^ 4 6 2n + 2 > 3 5 7 2n + 1 

7T* 3* 5* ’ * * * 2xTTT TIT-—2n 



'3.5.7 
2IT*" 


2n + 3 
*2n + 2 
2n + 1 
* 2n 


which yields simply 




2n + 4 
2n + 3 



. r 2»4»4* 6* 6 * 
l 3*3*5*5*.. 


• • (2n) (2n) (2n + 2) , / 2n + 3 

( 2n + 1) (2n + 1) J > V 2n + 2* 


from which Wallis' product follows immediately.] 


27. (a) Let x = cos u, dx = -sin u du. Then 

/ ( 1 - * 2 ) n dx = / (sin 2n u)(-sin u) du = / sin 2n+i u du 

0 -77/2 0 


Now let x = cot 

r _i_ 

0 (1 + X 2 ) n 


2 4 2n 

3*5.2n' ;’ i by Problem 26. 

2 

u, dx = -esc u du. Then 

dx = f (sin 211 u)(-5^-^ du 

7 t /2 'sin u ' 

T^ 2 . 2(n-l) 

= / sin v ' u du 

0 

7T 1 3 5 2n - 3 
2 2 II •** 


2n - 2 


by Problem 26. 
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If f(y) = 1 - y and g(y) = e" y , then f(0) = g(0) and 

f(y) = -1 < -e -y for y > 0, 

so f(y) < g(y) for y > 0, i.e., 1 - y < e y for y > 0. So, in parti- 

? x 2 

cular, 1 - x < e (for all x). 

y 

The second inequality follows from the inequality 1 + y ^ e , 
which can be proved similarly (and has already appeared in Problem 
17-21). 


00 2 
-nx 


f 1 (1 - X 2 ) n dx < / e -nX dx < / e" I1A dx < / 

o o 0 


o (i + x 2 ) n 


dx. 


so 


2n 


1 2 
-nx 


3 . 

Using the substitution y = -/x\ x, dx = 1/ Jn. dy, we obtain 

1 nx 2 1 ^ -y 2 

/ e _nX dx = — / e y dy, 

0 y/n 0 

/” e _nx2 dx = — /" e -y dy, 

0 yn 0 


IL-i. 


2n - 3 


from which the desired inequalities follow. 


It follows from Problem 26(d) that by choosing n sufficiently large, 


the numbers 
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7T 

2 


Vn 


1.3. 2n - 3 

2 % .2n - 2 



[ 7n"^i 


1.3.2n 

2 ¥ 2n 


and 


r 24 

^rr 


2n 


n 


*2n + 1 2n + 1 *• /- 3' 

vn 

can both be made as close as desired to 


1 2 


2n 


2n - 1- 


l.-l— = JjL 
2 Sk 2 

and 


1 

— • 

2 





28. (a) 


1 1 

/ sin x •— dx = -cos x— 

a x x 


b b 1 
- f -cos x*-- dx 


cos a 


a a 
cos b 


- / 
a 


cos x 


dx. 


In particular, 

c" sin x cos 1 cos x , 

{ x dx = —r~ ~ f — 2~ dx ; 

1 lx 

the latter integral exists because the integral 


I 

1 


COS X 


dx <; dx 

1 x 2 


exists (compare Theorem 22-4) 
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On the other hand, the integral 

1 . 
sin x 


I 


X 


dx 


exists and equals / f(x) dx, where f is the continuous function with 
0 


f(x) = 


(b) According to Problem 15-31* 


1, x = 0 

sin x x / 0. 

x 


/ sin(n + i/2)t _ j (1+2 cos t + ... +2 cos nt) 

0 sin t/2 0 


dt 


= 7T . 


(c) The hint is the whole answer, since the function 


f(t) = 


0, 




t = 0 


I " si/t/2' t ^ ° 


is integrable on [0, tt]. 


(d) From parts (b) and (c) we have 


lim j" - ° ln( t + 

X— 0 1 


dt = lim / 

A-^oo 0 


sin(A + 1/2)t dt 
sin t/2 


TT. 


Using the substitution u = (A + 1/2)t, v/e have 
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11m f 2 — A . + - - 1 / 2 ) t dt = ii m ^ j / ^ 2 sin u . + . V 2 ) • 

X—oo 0 t X—oo 0 u X + 1/2 


2/ ^du. 


29. (a) 


Let u = t X , du = xt X- ^ dt. Then 


» . . » 1/x „ 

r(x) = I e _t t x_1 dt = / e’ u ^ 
0 0 x 


1 t m -u 1//x . 

= - J e du. 

x 0 


(b) 


4 


=2 / e" U du 
0 


= Trr 


by Problem 27 
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1. (ii) 

P 3,0 (x) = 1 + x + x2 /2. 

(iv) 

P (x) - -1 + 

r 2n,7T' X ' + 21 

(Vi) 

P n,2^ X ) - log 2 + ^- ~ 2~ 1 

(viii) 

p 4j l(x) = 3 + 9(x - 1) + 

(x) 

P n,0 (x) = 1 - x + x2 - x 3 

2. (ii) 

160 + 50(x - 3) - 10(x - 

(iv) 

9a + 3b + c + (6a + b)(x 

3. (ii) 



, 11 + 1 , 


,2n 


( 2 n)i 


,n+l, 


k n 


2 

2 22 


0 n , 
2 nj 


26 (x - l ) 2 66 (x - l ) 3 120 (x - l ) 4 

21 + 3! + TH 


,n n 


I (-nV 1 * 1 

i ,0 < 2i - *>' 


, 2 n +2 


(since 77 ^- ^77 < 10 -12 for 2 n + 2 > 20 , or 1 

' ( 2 n + 2 )J — — 


(iv) 

7 < o _ii 

2 — (since , , <10 for n + 1 > 8 , or n > 7 ). 

i =0 v n + x )• 


4, (i) To obtain 


> 9). 


303 
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_< i0 -( loi0 ) 

( 2 n + 2 ) 1 < 


or ( 2 n + 2 )j > 10 


10 


10 


10 

it certainly suffices to choose 2 n + 2 = 10 ; we can also choose 

10 10 10^ 

2n + 2 = 10 since (10 )i is clearly >10 .So one possible 


10 


sum is 


10 


10 


2 

2 


Izil 


i =0 (21 + 1 ) 


(ii) 


1,000 


1=0 


- 7-7 (since surely ( 1001 ).' > 3 * 10 ljt ^^) 


(iii) We need to find an n with 

, 2 n +2 


-20 

( 2 n + 2 ) J x ■ LU 


Now 


i° o + h 10 ioo 10 10 

(100 + k)100J *101*102* 


10 


10 „ lo 100 . 1 

*100 + k < 100 .' * 10 k’ 


so 


10 


100 +k 


(100 + k).' 


< 10 


-20 


when 
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iS^.JL < 10 -a> 

100 i 10 k < 


10*^0 k 
inn* ^ • 


This certainly happens for k = 120, so we can take 2n + 2 = 220 or 


n = 109 , giving the sum 


(-l) i 10 2i+1 
ifo ( 2i + *>* * 


234 ioi 

i=0 iJ 


(v) 

^§— Uf L+1 

z (-I^W , 

i=o 21 + 1 


, 3 10 10 235 „ 10 5 -10 100 1 
(since (235) , < (i 0 o)j ' 1Q i~- 


< io' 30 ). 


(j) 2n+3 

( since < io ' 


(10 10 ) 


for 2n + 3 = 


10 10 ). 


5- (a) .i i 

1 1 [ 2 + 3 

arctan — + arctan ^ = arctanl-j 


arctan 1 


Since 


/I I 

arctan 4 -f arctan 4 = arctari —- - — 

5 5 \i _ i. 

25 


arctan 


we have 


4 arctan — 


= arctan 


-1 +-5 

12 12 
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(*) 


so 


120 


4 arctan i - arctan = arctanj -- 1 ' 1 ^^ 2 ^ ) = arctan 1 = ft. 


\± + 


120 1 
119*239 


To compute 7r with an error < 10" , we must compute 7r/4 with an error 
< ^0 /4, so it suffices to compute arctan 1/5 and arctan 1/239 with 

Now 

i.. i 2n+3 


— 6 7 

an error < 10 /20 = 10~ 1 /2 . 


x 3 f-l^x 2 ^ 1 

arctan x « x - — + L—LJL- + Rj 

So for x = 1/5 and x = 1/239 we need 


|B| < 


- 2n + 3 


(2n + 3)5 2n+3 2-10 7 


(2n + 3)239 2n+3 2-10 7 


respectively. We can take n = 4 and n = 0, respectively. Sc tt is 



- 6 

with an error <10 . To find the first 5 decimals of i r we must con¬ 

vert each term in parentheses into a decimal. If we compute each one 

to 7 correct decimals, then we will introduce an extra error of at 

-7 

most 10 • Since we actually have 
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1 . 1 

o < 7* 

3*239 3*10' 


this extra error will be no problem. The calculations are as follows: 


1/5 = .20000000 
1/5*5"* = .00006400 
1/9*5 9 = .00000005 


1/3*5 3 = .00266666 
1/7*5 7 = .00000182 


.20006405 
-.00266848 ♦ 
.19739557 
xl6 
11843730 
1973955 
3.1583200 
- .0167364 - 


3.1415916 


.00266848 

_I 


1/239 = .0041841 

_x4 

.0167364 

_1 


This error in this result is < 10 ; consequently we can he sure that 

14159 are the first five decimals of 7r (because of the fortunate 


\ 
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circumstance that the next digit in our answer is not 9 J). 
first ten decimals of i r are 

3.1415926535. 


6. Clearly 

f( k )(x) = a(o -!)•...•(a - k + 1)(1 + x) a_k . 


SO 


P n 0<*> - * - S “1° - l)'-;( a 

,u k=0 k=0 k * 


n / \ 
' (“) 


The Cauchy form of the remainder is 


Vo<*> ■ ,(a - 1 | ';r' ( “-° | [i - 1 ) 0 -"- 1 !- - t)(x - 0 ) 


and the Lagrange form is 


- “) (1 ♦ t,- 0 , 


n+1 


7. (ii) c. = 2 a.to. .. 

1 J =0 J 1-0 


The 


(iv) c Q = 0; c ± = a i _ 1 /i for i > 0. 
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8. (a) Since 


we have 


lim 

x — 


R(x) 


0 x 


2n+l 


0, 


0 


,. R(x 2 ) 

lim . 2,2n+l 
x-—0 (x ) 


lim — 
x—>0 x 



Now 

sin(x 2 ) = P(x 2 ) + R(x 2 i) ; 

p 

since Q(x) = P(x ) is a polynomial of degree 4n + 2, it follows from 
the corollary to Theorem 3 that Q is the Taylor polynomial of degree 
4n + 2 for f at 0. 


(b) 


(c) 


f( k ) (0) 


0, 


= 


(-l)Vx +2)1 , 

{2l + 1) i 


V 


k / 4i +2 
k = 4i + 2. 


f( k )(0) 


0 , 


k / nt 
k. = nt . 


V 
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9. 


x t 


f fr(* - t) n dt 

r\ ii* 


0 t 


= / ~y |x - t | n dt 


0 | , in 


since e <1 for x < 0 


lx] 


n+1 


(n + 1) 


10. For -1 < x < t < 0 we have 


0<l+x<l + t<l, 


. • 1 1 

0 < ; t < 


— 1 + t — 1+x 


So 


1 + t 


dt 


,, r° _liL2 , lxl" +1 

S J 1 + x * (1 + x)(n + 1) 


11. (a) By hypothesis, 

-M(x - a) n < g'(x) < M(x - a) n for x > a. 
It follows from the Mean Value Theorem that 


. n+1 


n+1 


^nVP < «-) - S(a) < M <V/> • 

i.e., that |g(x) - g(a)| < M(x - a) n+1 /(n + 1). The case x < a is 
treated similarly. 
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For every e > 0 there is a 6 > 0 such that |g'(x)/(x - a) n | < e for 
|x - a| <6. This means that |g'(x)| < €|x - a| n for |x - a| <6. 
Part (a) implies that |g(x) - g(a)| < e|x - a| /(n + 1) for 
|x - a| <6. Since this is true for every 6 > 0, it follows that 


f x) - ■ «■ 

x—a (x - a) 


Since 


we have 


n i 

g(x) = f(x) - 2 — ■, x - a) , 

i=0 


g'(x) 


f'(x) 

f*(x) 

f'(x) 


n f.(i) 


- 2 




r( x - a) 


i-1 


=1 (i - 1 ) i 

n-l f (J+l)/ x 
2 f - a)’ 

0=0 


j i 

^ ~ / j* . \ ( J ) 


, r 


j=0 


- *"<*> - P n-l,a,f.< x >- 


Theorem 1 is true for n = 1, by the definition of f’• Now assume that 
Theorem 1 is true for n-l, and all functions f for which 
f 1 (a),...,f( n " 1 )(a) exist. If g is a function for which g’(a),...,g^ 
exist, then f = g» is a function for which f 1 (a),...,f^(a) exist. 


Consequently, 
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S'( x ) ' P n-1 a g'W 
lim- n o i a ' g - = 0. 

x—a (x - a) 


Since (g - P n ^ g )' = g' - p n _i ja} g«* ** follows from part (b) that 


g(x) “ P n a g< x ) 
lim -£L±iS- = Qm 

x—a (x - a) n 


12. Suppose |f( n+ "*') j j_s bounded, by some M, on some interval around a. Then for 
x in this interval we have 


) f ( n+ l) f £\ 

l P n, a ( x ) I ^ 


nl 


i i n +l 

•|x - a| 


so 


IR (x) 
1 n,a v ' 


|x. - a | 


n 


< M|x - a I, 


SO 

R (x) 

• n,a v 1 A 

lim — 1 - = 0. 

x—a (x - a) 

A similar proof works for the integral form of the remainder, and for the 
Cauchy form, if jf( n+i )[ is assumed bounded. 


13. Problem 13-27 implies that 
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n,a 


x f (n + l) (t) 

(x) = / - n / 7 (x - t) dt 

a 


,(n+1) , v 

—2_(x - t) (x - a) 


ni 


for some t in (a, x). Similarly, Problem 13-28, with for f and 

g(t) = (x - t) n , yields the Lagrange form. (In both cases, however, we begin 
with the extra assumption that f( n+ ^) j_ s integrable.) 


14. (a) This follows from 

f (a + h) = f (a) + f' (a)h + ^^-h 2 + R^ a (h), 
f (a - h) = f(a) - f' (a)h + + R^ a (-h), 


since 


R 

lim — 
h-*0 


2^a 

h 


(*) 

2 


R 

lim — 
h—0 




(-h) 



(b) 


llm no + ») * U P- - h ) . Urn 1,2 - f- - 0 . 

h—0 + h 2 h—0 h 


= 0 


and similarly for lim 

h — 0" 


15. If f" >0, then 
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f(x) = f(a) + f 1 (a)(x - a) + / f"(t)(x - t) dt 

a 

> f(a) + f f (a)(x - a) for x / a, 

which says that the graph of f at x lies above the tangent line through a. 

16. The proof is almost exactly the same as the proof given in the text for the 
equation f" + f = 0. 


17. (a) 


*(n+1) __ ^ f ( n ) ^ t 


n-1 
= 2 


cd 

OJ 

j=o 

J 

\ j=o 

n-1 
= 2 

a + 

n-1 

a A Z 

j=o 

j-1 

n-1 . n 
J=0 

n-1 

= Z 

3=0 

( a j-i + V 

.i a j) f(J) 


+ a 

J n-1 


(b) Letting a_^ = a_^ = 0, we have 
n-1 

( S. 

j=0 J 

n " 2 »(J' +1 ) * ^ = 2 X H; 1 _ ,(j) 


f<n+2) - \ (* a -i + 


?0 <Vl + a „-l a j) f ' ' + <* n .2 + Vl > S »,f 


j 

n-1 

' j!o (a J- 2 + VlVl + + a n-l 2a j) fU) 


J'=0 
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(d) 

(e) 


From the equation 


f <" +1 > , "i 1 b.VJ) 

3=0 J 

we obtain 


where 


f (n+2) 


n-2 

2 

b .V J+1 ) 

+ b Af") 

3=0 

J 

n-1 

n-1 

2 

3=o 


1 »- 1 
+ b^ , 2 

n_1 J=0 

n-1 

2 



j=o 



a_.f 


(J) 


2 11 
b. = b . „ + b „ a 

j 0-1 n-1 o 

ibj 2 | < |b J _ ± 1 | + |b n _ 1 1 || aj | < 2N 2 + 2N 3 < 4N 3 . 

The general formula is proved similarly, by induction on k. 

Let M = + ... + where 

JL = sup( | f ^ ^ (t) |: 0 < t < x}. 

Clearly f^(0) = 0 for all k. Then by Taylor’s Theorem, 
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(f) 


|f(x)| = If 


0 


x _ n+k d 

(n + k) 1 v ' 


(n + k + 1) J 

,, | ™ ! n+k+1 
M* 2Nx 


^ (n + k + 1)J 


, n+k+1 


Since !2Nx| iA_r /(n + k + 1) J can be made as small as desired by choos- 
ing k (and hence n+k+1) sufficiently large, it follows that f(x) = 0. 


The difference f = f^ - f satisfies the same differential equation, 
and = 0 for 0 < j < n - 1. So f = 0. 

[In the case n = 2, the equations 


f(0) = c 1 + c 2 
f'(0) = o lCl + a 2 c 2 


can always be solved if 

a 2 f(0) - f' ( 0) 


C 1 " 


a - a. 
2 1 


c 2 = 


a ± f(0) - f'(0) 




The case n = 3 involves more complicated answers, but is equally straight¬ 
forward. The general case, for those who know about determinants, de¬ 
pends upon the fact that the "Vandermonde determinant" 
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18. 


( 


det 


1 

a. 


... i A 


...a 


n 


v 


n-l n-1 
. a. 

1 2 


n-l j 
* * * n / 


is non-zero if the are distinct—in fact, it has the value 

n a. - a .. ] 
i>J 1 J 


(a) Clearly f = 0 up to order 2 at 0. The second derivative f n (0) does 
not exist because 


f(x) = ) 


and 


0, x = 0 

^2 2 
4x sin 1/x - x cos 1/x , x / 0, 


4h^ sin i /Y? - h cos i /Y? 


lim 
h —0 


does not exist. 


(b) Apologies are in order. When this problem was first written, I had in 
mind a proof which upon closer examination turned out to be incorrect. 
Consequently, the hint given in part (b) is quite misleading. It leads 
to the equation 

f*(a + h) - f'(a) m(a) m(a + h) R a^ R a+h^ . 

h =2 2 ' h 2 h 2 5 
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unfortunately, nothing is known about lira R (a) /h . The correct 


h—0 


proof turns out to be considerably more involved. 

We begin by considering the special case where m(a) =0 for all a. 
Writing equation (*) for x = a + h and x = a - h, we then obtain 

Urn iii L + a * f(» h) - ms. 1 , inn V_ h .). + _ R a ( - h) . 

h—0 n h — 0 h 2 


(Compare Problem 14). The limit on the left is called the Schwartz 
second derivative, and the following result, which solves the case 
m = 0, is known as Schwartz f s Theorem. 


If f is continuous and 

lin, f(x t h) + f(x _-_h)..- 2 f(x) = Q 

h—0 h 2 

for all x, then f is linear. 

Proof . Given two points a < b, define 

0(x) = f(x) - I y , a ^ ( x - a). 

Then 0 satisfies the same condition as f, and 0(a) = 0(b). We will show 
that 0(x) = 0(a) for all x on [a, b], thus proving that f is linear on 
[a, b]. Since a and b are arbitrary, this will show that f is linear. 
Suppose that 0(x) > 0(a) for some x in [a, b]. Then for suffi¬ 


ciently small e > 0, 
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g(x) = 0(x) - e(x - a)(b - x) > 0(a). 

Since the continuous function g satisfies g(a) = 0(a) = 0(b) = g(b), 
it follows that g has a maximum point y in the open interval (a, b). 
Then 



(The term 2e is the Schwartz second derivative of the function a(x) 

= —e(x - a)(b - x), which is the same as its ordinary second derivative.) 
This is a contradiction, since the right side approaches 2e as h 
approaches 0. Similarly, we cannot have 0(x) < 0(a) for any x in 
[a, b]. 

The general case can now be deduced as follows. Since m is con¬ 
tinuous , there is a function g with g” = m. Then the function f - g 
satisfies (*) with m = 0. Sof-gisa linear function. Consequently, 
f rt = = m. 

(c) If there is a continuous function m such that 
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f(x) = f (a) + f' (a) (x - a) + — ^ (x - a) 2 + ^^-(x - a) 3 + R & (x), 

where lim R a (x)/(x - a) J = 0, then f'"(a) = m(a). The proof will 
x—a 

follow closely along the lines of part (b). As in part (b), we can 

easily reduce the general case to the special case where m = 0. 

We begin by noticing that if f is a function which does have a 

third derivative, then 

lim f(x + h) - f(x - h) - 2hf 1 (x) = f»'(x) , 
h —0 h 3 3 

the proof is similar to that for Problem 14, using the Taylor poly¬ 
nomial of degree 3 instead of the Taylor polynomial of degree 2. Of 
course, the same proof then shows that any function satisfying 

f(x) = f (a) + f 1 (a) (x - a) + f "^ (x - a) 2 + R & (x), 

with lim R (x)/(x - a) 3 = 0, also satisfies 
x—a 

lim n * ± hi - f(x h ) - 2hf ’ (x) = 0 _ 

h—0 h 3 

We will now show that any function with this property is a polynomial 
function of degree 2. It suffices to show that if f'(a) = f f (b), then 
f is constant on [a, b], because, as in part (b), we can always subtract 
off an appropriate polynomial function of degree 2. To prove that f is 
constant it suffices to prove that f ! (x) - 0 for all x in [a, b], 

Suppose that this were not true and, to be specific, suppose that 
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f'(Xg) > 0 for some x^ in (a, b). Let q be a polynomial function of 
degree 3 with q'(a) = q'(b) =0 but q'(x) >0 for all x in (a, b) 

o p 

(for example, q(x) = -x /3 + (a + b)x /2 - abx, so that q'(x) 

= (x - a) (b - x).) Let g(x) = f(x) - eq(x). Then g'(x 0 ) 

= f'(Xg) - eq'(Xg) is > 0 for sufficiently small e > 0. Consequently, 
g' will have a maximum at some point y in (a, b). 



If h >0, then by the Mean Value Theorem, 

g(y + h) - g(y) < hg'(y), 
g(y) - g(y - h) < hg'(y), 

so 

g(y + h ) - g(y - h ) - g^g’Cy) < 0 . 

h 3 

The same inequality can also be derived for h < 01 But 
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This is a contradiction, since the right side approaches 2e/3 as h 
approaches 0. 






CHAPTER 20 


1. (a) If a > 0 is a solution of the equation 

(1) a n x n + a n _ lX n 1 + ... + a Q = 

then VS is a solution of the equation 

2 n 2n- 2 n 

ax + a .x + + a n = 0. 

n n-1 u 


(h) If a satisfies (1), then a + r satisfies 

a n (x - r) n + a n _ ± (x - r) n_1 + ... + a Q = 0; 

this equation, with rational coefficients, has the same solutions as 
the equation with integer coefficients that is obtained by multiplying 
through by a common denominator of the various coefficients. 

Similarly, ar satisfies 



2. Since 

(>/2 + V 3) 2 = 5 + 2 ^ 6 , 

( ,/2 + - v / 3) 4 = (5 + 2 V 6) 2 = 49 + 20 V 6 , 

r 4 2 

it is clear that </2 + v3 satisfies x - lOx +1 = 0. 
Since 


323 
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[ 72(1 + 73)] 2 = 2(4 + 2 73 ) = 8 + 4 73 , 

C 72(1 + 73 ) ] 4 = (8 + 4 73 ) 2 = H2 + 64 73, 

clearly V§(1 + 73) satisfies x 4 - I6x 2 + 16 = 0. 


3. (a) If f(p/q) = 0, then 


V 11 + Vl ^" 1 + + a Q = (x - f)(Vl xn_1 + + b 0 ) 


for some bg,* * *> b n _i> which will be rational numbers. Since a - p/q 
/ 0, we have 

V /' 1 + ••• + b 0 - 0 . 

contradicting the assumption about the minimal degree of the original 
polynomial. 


(b) Clearly f(p/q) can be written as a rational number of the form r/q n . 
Since f(p/q) / 0, we have |r| > 1, so | f (p/q) I > l/q 11 . 

(c) If |a - p/q| < 1, then 

f(p/q) = ^LP/^ - ^( q ) = f.( x ) for |x - a| <1 

< M, 

SO 

l a - p/q I > I f (p/q) I /m > i/(Mq n ). 
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4. If a satisfied a polynomial equation of degree n, then there would be some 
number c with |a - p/q| > c/q 11 for all rational p/q. Now 


11 1 
1 |+ p,+•••+ v t 
10 • 10 • 10 * 


can be written as 


10 


k l 


for some integer p, and 


A P 2 

® ^ a ” lr r ^ f k+1^ 1 
10 K - 1(^ K '* 


Thus for every k we must have 


(10 


*o n s 10 ( k+1 ) 


or 


10 


(10 


(k+i): 2 

hi )n ^ c’ 


or 


or 


(10 k ’) k+i 2 } 
(10 ki ) n C 


(10 k *) k+ l -n < 


which is clearly false for large enough n. 
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5* (a) If the elements of A and B can be arranged in the respective sequences 
a^, a^> a^, a . and b^, b^, b^, b^,..., then the elements of AUB 
can be arranged in the sequence 

a^, b^ y a ^ y b^, ^3^ ^3^ * * * 

(except that repetitions must be thrown away, if A and B have any 
elements in common)„ 


(b) Arrange the positive rational numbers in a list by following the arrows 
(deleting repetitions). 


(c) Follow the arrows in the picture 

/O 

( 0 , 0 ) ( 0 , 1 ) ( 0 , - 1 ) ( 0 , 2 ) 


(0, -2) 


( 1 , 0 ) ( 1 , 1 ) ( 1 , - 1 ) ( 1 , 2 ) ( 1 , - 2 ) 


(- 1 , 0 ) (- 1 , 1 ) (- 1 , - 1 ) (- 1 , 2 ) (- 1 , - 2 ) 


( 2 » 0 ) ( 2 , 1 ) ( 2 , - 1 ) ( 2 , 2 ) ( 2 , - 2 ) 

(d) Let the elements in A. be arranged in a list a .^ a ^ a 1 

1 1 9 2 9 ”*3 y • • • • 

the elements in A^u A^ u u ... can be arranged in the array 


Then 
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Now use the same trick as in parts (b) and (c), deleting any repetitions. 

Apply part (d) with the set of all triples (m, n, i). (A^ is count¬ 

able, by part (c).) 

If the set of all n-tuples is countable, then the set of all (n + 1)- 
tuples is seen to be countable by applying part (d) with A^ the set of 
all (n + 1)-tuples (a^ a 2 ,...,a n , i). 


(Polynomial functions with integer coefficients are meant.) Since 

n 1 

every polynomial function f(x) = a n x + ... + a.Q of degree n can be 
described by an (n + l)-tuple of integers (a Q ,...,a n ), these poly¬ 
nomial functions can be arranged in a list p^, p^, P^j*** • For each 

n let a .,a be its roots (if there are fewer than n roots, 

i,l* * i,n ' 

choose 0 for the remaining ct. .). Then 

1, J 


a l,l , *** ,a l,n’ a 2,l" 


* * ,a 2,n’ 


a *' ■*»••* ,a 3,n* 


3,1* 


is a list of all the desired roots. Now delete repetitions 
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(h) Apply part (d) with A ± the set of all roots of polynomial functions, 
with integer coefficients, of degree i. 

6. If this number were in the list, it would be a R for some n. But it cannot 
be a n , since it differs from in the n th decimal place. (This tricky 

construction, and others modelled on it, is known as the Cantor diagonal 
method.) 

7. (a) Suppose 0 < a ± < ... < a fl < 1, and lim + f(x) - lim _f(x) > e. 

Choose X " a i x— a i 

° < a l' < a l < a i" < a 2 ' < a 2 < a 2 " < ••• < a n ' < a n < a n " < 1 - 
Then 

f(a.") - f(a ± ') > € , 

SO 

f(l) - f(0) > Z f(a ") - f(a «) > ne, 
i=l 1 

so n < [f(l) _ f(0) ]/e. 

(b) Let A n be the set of all a in [0, 1] with lim + f(x) - lim f(x) > 1/n. 
Then A fi is finite, so by Problem 5(d), A ± u A 2 u A 3 u ... is countable. 
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8. (a) There are only countably many such intervals, since each interval is 

determined by a pair of rational numbers, and there are countably many 
rational numbers. Since each value f(x) can be described in terms of 
these intervals (as the maximum value on such an interval), there are 
only countably many values of f(x). 

(b) If f happens to be continuous, then f cannot take on two values, for 
if it did, it would also take on all values inbetween, and hence an 
uncountable set of values. 

(c) Like the statement, the proof is only a minor variant of part (a). 

(d) This follows from part (c) in the same way that part (b) follows from 
part (a). 




CHAPTER 21 


1. (ii) 


11m 
n—® 


n + 3 
n^ + 4 


lim 

n-»oo 



lim 
n-yoo 
lim 
n—oo 




(iv) If n is even, then 


ni _ n( n - 1) •.,,»(n/2) i 

n n n/2 n/2 

n n ' *n ' 

similarly, if n is odd,, then 



nj 


n 


n 


n(n - l)....»[(n - 1)/2]1 
n (n+l)/2. n (n-l)/2 ” 




[fn - l)/2]i 
-(n-l)/2 


dr ,A - 


(vi) lim (log n)/n = 0 (since lim (log x)/x = 0, by Problem l7-8(b)). So 

n— oo X-^oo 

lim n % /n = lim e^°® n ) //n = (by Theorem 1) = 1. 

n-»oo n-*oo 

(viii) Suppose a > b. Then < nv a n + b n < n ^a n + a 11 , i.e,, a < n va n + b n 

< n V2 a, and lim *\/2* = 1, by part (v). [It was necessary to assume 

n-*oo 

a, b > 0 for this proof; in fact, if a = 1 and b = -1, then 
n 

lim + b does not exist.] 

n—oo 


(x) According to Problem 2-6, 


330 
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2. (a) 

(*) 

(c) 

(d) 

3. (a) 


lim 
n-*°° n 


S ** 

fc=l 


p+1 . 

n 4 An p + Bn"' 1 + 


p+1 


= lim 


p +1 


n—oo 


.P+ 1 


1 A B 

= lim -T- + —* + — r + • • 

p + 1 n 2 
n—«> n 


p + 1 


The seauence fa } must be eventually constant, that is, there is some 
n 

N such that all a n are equal for n > N. 

All convergent subsequences are of the form 

d, 1, 1, 1, 1,... 
or 

a 1 ,...,a n , -1, -1, -1, -1,..., 
where a ± ,...,a n is some finite sequence of l's and -l's. 

All convergent subsequences are of the form 
a^, • • •, a^, m, m, m, m, • • •, 
where a^,...,a^ and m are natural numbers. 

All a in [0, 1]. 

Let fa 1 be a Cauchy sequence, and suppose that lim a = i. For any 

n j -»CO j 

e > 0, choose J so that |i - a | < e/2 for j > J. Then choose N so 

J 

that |a n - aj < e/2 for n,m > N. Let N Q = max(N, nj). If n > N Q , 
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then ! a n - a n | < e/2 and |a n -l | < e/ 2 . Consequently, 
J+l J+l 

l a n " 1 1 < e /2. 


(b) Suppose that lim a = l , and let (a ) be a subsequence of fa }. If 

n—* 11 j n 

€ > 0, then there is some N such that \l - a | < e for n > N. Since 

n l < n 2 < n 3 < •*• J there is some J such that n. > N for j > J. Thus 

“ a n I < e for j > J. So lim a = i. 

j j — 00 n j 

2 

6. (ii) f e x dx = e 2 - 1. 

0 

(iv) 0 (since 


2 p 

n (n + l) d 


+ ... 


(2n) 


2 < n * 


n 


I * & 


(vi) I 


0 1 + x' 


2 dx = tt/4. 


7. (a) If a = 1 + h, then a 11 = (1 + h) n > 1 + nh. Since h > 0, clearly 

lim nh = «>, 
n— oo 

(b) lim a 11 = 0, because lim l/a 11 = oo, by part (a), 
n— n-oo 

If = 1 + h, then a = (1 + h) n > 1 + nh, so h < (a - l)/ n . Thus 

1 1 Va < 1 + (a - l)/n, so lim % = 1. 

n—>oo 


(c) 
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(d) 

lim 

n—« 

n n 

-v/a = l/( lim -/1/a) = 1, by part (c). 

> n— 

(e) 

If 

n «/n = 1 + h, then 



n , (1 + h) n > n(n - 1) „2 


so 

h i 4 - I’ 


so 



1 < n -/n~< 1 + / ' J "! 1 


n 

so lim vn = 1. 

n—oo 

8. (a) Suppose that lim a = i # Choose N so that |a^ - i\ < 1 for n > N. 

n—*°o 

Then |a^| < max( \l | +1, |a 1 |,•,|a N |) for all n. 

(8) Choose N so that |a^ - 0| < a. ± for n > N. Then the maximum of 
a l* a 2 ,# ** ,a N iS maximum a n for a11 n * 


9. (a) This relation is equivalent to 

« n+1 

which is true because 


1 . 1 
— dx < —* 
x n 


i 1 1 

n + 1 ^ x < n 


for x in (n, n + 1), 
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(b) Since 


a n - a n+l = lo ®( n + 1) - log n - 
>0 by part (a), 

the sequence {a^} is decreasing. 

To prove that > 0, add the inequalities 

log(j + 1) - log j < J 

for j = l,...,n - 1, to obtain 


log n < 1 + ... + 


n - 1 


10. (a) Since f is increasing. 


i+1 


f(i) < / f(x) dx < f(i + 1); 
i 

add these inequalities for i = l,...,n - 1. 


(b) From part (a) we have 


n 


log 1 + ... + log(n - 1) < / log x dx < log 2 + 

1 

log(n - 1)i < n log n - n + 1 < log nl, 
n 


( n “ ^-) • < n-1 ^ • 


So 


n . . N n+1 n+1 

< n- < ( n + ii_ < 2_ 

n-1 ^ 11 m ^ ^ ^ i 


n-1 


. + log n. 
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11. (a) 


(d) 


*M X ) _ 


= X 


(lim a n (x)) 

n—oo 


= lim x 

n-»oo 


a (x) 


= lim a n+1 (x) = b(x). 

n—oo 


(b) The maximum value of y ±//y = e^ 106 y ^ y occurs at the maximum value of 
(log y)/y, which is e, by Problem 17-24. 


(c) Clearly a ± (x) = x < e. If a n (x) < e, 

a „( x ) 


then 


- * n '' < (e ±/e ) e < - 


n+1 


b( /2) = 2, since {vij = 2 (see part (a)). 


b(e^ //e ) = e. 


i/y 


(e) Part (a) shows that if x = y 7 , then b(x) = y. The condition 


1/y 

x = y ' 


is equivalent to log x = (log y)/y. Using the function defined in 
Problem l7-24(f), this can be written 

b(x) = f 1 _1 (log x). 

1/e 

So b is differentiable on (0, e / ), and 

1 11 


b’(x) = 


-1 


f l'( f l” ( log 
[b(x)] 2 

x(l - log b( x)) 


i 

• — 

x 


xf 1 '(b(x)) 
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12. If e > 0, pick N so that |a - l\ < € for n > N. Then 

|a N + a N+l + + a N+M - < €M ’ 

so 

1 r , VUL , € M 

N + M la N + a N+l + ••• + a N+M " N + M < N + M < € * 

Choose M so that 

| Mi „ | . i „ 

|N + M — '*j <e an<i N + M a l + * * * + a f[J < € - 

Then 

FT"M [a l + + a N+M^ ~ 1 < 3e. 

13. If e > 0, pick N so that l a n+1 / a n - i| < e for n > N. Then 
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14 . 


Now 


t . e < -2±i<.e +6 

a 

n 


for n > N, 


so 


8l 3 , 

to ^\ m . n+m n+m-1 n+1 „ ,, . 

(^ - 6 ) < ^-“‘a-< ( J + € ) * 

n+m-1 n+m-2 n 


so 


m /a 


n+m 


n 


< €. 


n+m 




n+m 


n+m r— n+m 
n+m 


>n 


m 



m/n+m 


n+m 


n+m 


n 


n+m 


Since lim fST = 1, it follows that n_HTl /a can be made within 2e 
m—'oo V n V n+m 

by choosing m sufficiently large. 


(a) Suppose lim a^ = l >1. Since l - 1 > 0, there would be some n with 
n -*oo 

l £ - a n i < £ - 1, and hence a n > 1, a contradiction. Similarly, we 
cannot have X < 0. 

0>) a n « 1/n. 




338 CHAPTER 21 


15* Let us denote 

v -^" 

k times 

by f k (x). Then by Theorem 1, 

f(i) = f(lim f k (x)) = lim f(f( k )(x)) 

k—oo k—oo 

= lim f( k+1 ^(x) = l. 
k—~ 

16. (a) Suppose f(x) > x. Since f is increasing, f(f(x)) > f(x). Consequently, 
f ( f ( f ( x ))) > f(f(x)), etc. Thus the sequence x, f(x), f(f(x)),... is 
increasing, and bounded by 1, so it has a limit. The proof when 
x < f(x) is similar, 

(b) There is some m with g(m) = m (by Problem 7-H). According to part 
(a), the sequence f k (m) has a limit i, which is a fixed point for f 
(using the notation introduced in the solution to Problem 15)• Moreover, 

f k (m) = f k (g(m)) = g(f k (m)), 
since fog = gof. Hence, by Theorem 1, 

£ = lim f k (m) = lim g(f k (m)) = g(lim f k (m)) = g(i). 

k — oo k —►oo k-»oo 

(c) At the time I wrote part (c), the answer to this problem was still 
unknown. A few weeks later there appeared, in the Notices of the 
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American Mathematical Society, Volume 14, Number 2, two independent 
announcements that the answer is "no 11 . Which all goes to show, I sup¬ 
pose, that the problem was pretty silly in the first place. 


17. (a) 


m m+1 
c + c + ., 


+ c = 


m,. , , , n-m N 

c (1 + c + ... + c ) 


m, „ n-m+1* 

_ c [i - c ) 

1 - c 

m n+l" 
c - c 

1 - e * 


(b) Since |c| < 1, we have lim c m = lim c n+1 = 0. 

m— 00 n— 0 ® 


(c) 


' X r, " X J 
n m' 


= K x n - X n + l) + < x n+l " x n +2 > + — + ( x m _l ~ x m ) I 
< l x n - x n+ll + l x n+l " x n- 2 ' + *** + l x m-l “ X iJ 


< c n + 


n+l 1 1 n+l n-2 1 

, m-1 

+ c . 


so lim |x n - x | = 0, by part (b). 
m,n— oo 


18* (a) If c = 0, then f is constant, so continuous. If c / 0 and e > 0, then 
|f(x) - f(a)| < e for |x - a| < c/c. 


(b) If f(i) = l and f(m) = m, then 
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19. 


|i - m |= |f(4) - f(m)| < c|4 - m|, 
so 4 = m, since c < 1. 


(c) If 


x n = fn ( x ) = ^f(f(f...f ( x )...)), 

n times 


then 

|x n “ x n + l' = |f < x n-l) ' f ( x n> 1 ^ c|x n-l " X J < c2|x n-l " x n-2 ! 

< ... < c n ’ 1 |x 2 - X^l. 

Consequently, Problem 17(c) implies that {x^} is a Cauchy sequence, so 
converges. It converges to a fixed point, by Problem 15. 


(a) Clearly {y n ) is decreasing, and bounded below (by a lower bound for 

( x n })- 

(b) (i) 0. 

(ii) 0. 

(in) 1. 

(iv) 1. 


(c) lim x n = lim z n , where = inf(x n , x n+±J x n+2 ,...}. 

n-*oo n-^oo _ 

for each n, it is clear that lim x < lim x . 

-— n — _ n 
n —»oo n^oo 


Since z < y 
n — J n 
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(d) Suppose first that lim x = l . If € > 0 there is some N with 

n—“ 

| x n - ^ I < e for n > N. So X N < l + e , x N+ i < & so yjj — ^ + € * 

Similarly z^ > i - e. Since this is true for all e >0, we have 

lim x = l = lim x . 

_ n n 

n— oo n— -co _ 

Conversely, suppose that lim - lim = i . Then for any 

n—oo n-^oo 

€ > 0 there is some N with i-c<z N <y N <i+e. This implies 
that i-e<x n <i+€ for every n > N. 

(e) Let i = lim x = lim y . If a < I, then a < y n for all n: Consequently, 

n—oo n—oo 

a < x n for infinitely many x^, so a is not an almost upper "bound for A. 

On the other hand, if a > i , then a > y R for all but finitely many n. 

Consequently, a > x^ for all but finitely many n, so a is an almost 
upper bound. Thus, i is the greatest lower bound of all almost upper 
bounds of A. 


20. (a) Let s « a^ + ... + a^. Then 

a l b l + + Vn = Vl + V s 2 ‘ s l) + •“ + V S n " S n-1> 

= s 1 (h 1 - b 2 ) + s 2 (b 2 - b 3 ) + ... + Vl ( Vl - b n ) + s n b n . 

Since each b^ - b^ ^ > 0, and m < < M for each i, we obtain 

m(*>l - b 2 ) + m(b 2 - t> 3 ) + ... + m(b n _ 1 - b n ) + mb n 

< a.b„ + ... + a b 
— 11 n n 

< M(b 1 - b 2 ) + M(b 2 - b 3 ) + ... + M(b n _ ± - b n ) + Mb n , 
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or 


mb l < a i b i + ... + a n b n < Mb 1# 

(b) Apply part (a) to the series a R * a^ +i * a fc+2 *... and b R , b k+± * b fc+2 *... . 


21. (a) 


(i) 0. 

(ii) 0 and i/n for each natural number n. 

(iii) -1 and 1. 

(iv) No limit points. 

(v) All real numbers. 


(b) If there are infinitely many points a of A satisfying |x - a| < 6 * then 
there is surely one such a with a ^ x. Conversely* if there were only 
finitely many such points a^,...,a and > 0 is the minimum of all 
those |x - a^| which are / 0* then there would be no points a in A 
satisfying |x - a| < e ± . 

(c) For any e > 0* the number lim A - e is not an almost upper bound of A* 
so there are infinitely many numbers y in A with y > lim A - G . More¬ 
over* there cannot be infinitely many such numbers y with y > lim A + G * 
for in this case no numbers between lim A and lim A + G could be almost 
upper bounds of A, so lim A + G would be a larger lower bound for the 
set of all almost upper bounds. This shows that there are infinitely 
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many numbers y in A between lim A - e and lim A + e. Consequently, 
lim A i£ a limit point of A. If there were another limit point 
a > lim A, then no number less than a could be an almost upper bound, 
so a would be a lower bound for the set of almost upper bounds, a con¬ 
tradiction. The proof for lim A is similar. 

(d) Choose distinct points x ± , x^, x^,... in A. The sequence (x n ) is 

bounded, since A is contained in [a, b]. So there is a convergent 

subsequence (x }. Let & = lim x . For any e > 0 there is some J 

n j j —« n j 

such that II - x I < € for all j > J. Since the x^ are distinct, 

1 n. n. 

j j 

this shows that there are infinitely many a in A with |I - a| < e. 

(e) Choose a sequence of intervals 1^, 1^, with 1^ = [a, b], and 

each I. „ a half of I., such that each I. contains infinitely many 
j+1 y J 

points of A. If x is the point in all ly then x is a limit point of A. 

22. Choose x with f(x ) > n. There is a subsequence x^ which converges to a 

n n' n. 

J 

point x, which is in [a, b]. Thus for every e > 0 there are infinitely many 
x with |x - x | < e, and consequently f is unbounded on [x - e, x + e], 

n 5 n j 

contradicting the fact that f is continuous at x. 

23. (a) Let#(n) be the number of j for which j/n is in [a, b]. To estimate 

#(n), let j/n be the smallest such fraction in [a, b] and k/n the 
largest. Then (j - l)/n < a < j/n and k/n < b < (k + l)/n. 
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So 


ill 1 

n n 
-H+H- 


k. k+l 
n n 
—I— I —I- 


£ - J < t 

n n ^ 


- a < 


k + l 
n 


j - 1 
- 

n 


k - j < n(b - a) < k - j + 2. 
Since# (n) = k - j + 1, we also have 


k - J <#(n) < k - j + 2, 


SO 


|#(n) - n(b - a) | < 2. 

Adding these inequalities for l,...,n, we obtain 

|#(1) + ... + #(n) - [1 + ... + n](b - a) | < 2n. 
Consequently 9 


#( . + #( n) 

1 + ... + n 


(b - a) 


< 


2n 

1 + ... + n* 


Since lim 2n/(l +... +n) =0, this shows that 
n—a> 

#(1) + ... +#(n) 

1 + ... + n approaches (b - a). 

Of course, #(1) + ... +#( n ) = N(1 + ... + n; a, b). For an 
number m, let n be the largest number with 1 + ... + n < m. 


arbitrary 

Then 
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m - (1 + ... + n) < n. 

Clearly, 

IN(m; a, b) - t#(1) + ... + #(n)]| < m - (1 + ... + n) < n. 


Consequently 



since 


1 + ... + n _ 1 + ... + n 1 + ... + n _ . 

1 + ... + (n + 1) ^ m - 1 + ... + n “ 


it follows that [#(1) + ... + #(n)]/m can be made as close to 

[#(1) + ... +#(n)]/(l + ... + n) as desired by choosing m (and hence 

n) sufficiently large. Since the latter expression can be made as 

close as desired to b - a by choosing m sufficiently large, it follows 

from (1) that lim N(m; a, b)/m = b - a. 
m—°° 
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This holds, in particular, when a = b. A similar proof works when 
s(x) = c for x in (a, b). Any step function s can be written 
s = s ± + ... + s m where s. is one of these special kinds. Then 


1 

/ s 
0 


m 1 

2 / s j 

i=l 0 ] 


; urn ^ : - + ,( v 


i=l n—> oo 


n 


n-*a> 


n 


(c) Let e > 0. According to Problem 13-17, there is a step function s < f 
b 

with / [f - s] < e. Thus for sufficiently large n, 
a 


b b s( ai ) + ... + s(a n ) 

-€+/ f < / S< - 

a a 


n 


n' , , f ^ a l) + '*• + f ( a n ) 

- + € < - - - + 6 . 


n 


Similarly, since there is a step function s > f with / [s - f] < e, 

a 

we have 

b f(a ± ) + ... + f(a ) b 

-2e + / f < --- < 2e + / f. 


for sufficiently large n. 


24. (a) If there were infinitely many such points a in [0, 1], then the set of 

all such points would have a limit point x in [0, 1]. For every 

6 > 0 there would be some a with |a - x| < 6/2 and |lim f(y) - f(a)I > 

y—a 

Consequently there would be a' with |a* - a| < 6/2 (and consequently 

I a 1 - x| < d) such that |f(a') - f(a)| > e. But since lim f(x) = £ 

y—x 

for some £ } there is some <5 > 0 such that |f(y) - i | < c/2 for 
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|y - x| < 6. In particular, if |a - x| <6 and |a' - x| <6, then 
|f(a) - f(a')| < |f(a) - t\ + |f(a') - i| < €, a contradiction. 

(b) By part (a), the set A of points a where |lim f(y) - f(a)| > 1/n is 

n y-»a 

finite. By Problem 20-5, the union A^ y A^ u A^ u ... is countable. 
This union is the same as the set of all points a at which f is dis¬ 
continuous. 




CHAPTER 22 


1. (ii) 


1 

(iv) 


(vi) 


(viii) 


( x ) 


(xii) 


Convergent, by Leibnitz's Theorem. The series is not absolutely con¬ 
vergent, since 



i 1 i i 1 ill 

> 2 + ¥ + ^ + H + “' = 2 ^ + 2 + 3 + ? + • • •)' 


Convergent, by Leibnitz's Theorem. (The function f(x) = (log x)/x is 
decreasing for x > e, since f'(x) = (1 - log x)/x 2 .) The series is not 
absolutely convergent (see (viii)). 


Convergent, since 


1 



+ 1 





Divergent, since 

log x ^ (log N) 2 
i —-— dx = —oo as N — oo^ 

1 x d 

and f(x) = (log x)/x is decreasing for x > e (see (iv)). 
Divergent, since 


(log n) k n 

for sufficiently large n (Problem 17-8). 
(Absolutely) convergent, by (xi). 


348 
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(xiv) Divergent, since 


. 1 1 
sm — > — j 
n 2n 


for sufficiently large n. 


(xvi) Convergent, since 


, 1 1 
dX = - --77 + 


2 x(log x) 

(xviii) Convergent, since 


log N log 2 log 2 


as N —> 


lim ( n + Wj" + 1 ) n+1 = lim = llm i 

n—oo 


n 


nj/n 

by Problem 17-12. 


. A v n+1 
n-^oo (n + 1) n—oo 


(‘ * $ 


e’ 


(xx) Divergent, since 

~n+l, ^ s . // „ x n+1 

lim 1_ (n + l)i/(n + 1) _ 


,. 3(n + l)n n n . 

lim ^- l —t = lim 

, /i \ n+1 

n-—oo (n + 1) 


lim 

n—oo 


_n f , n 
3 ni/n 


-- k*^ 


e* 


by Problem 17-12. 


2. (a) According to Problem 21-10, 


n , 
e ni 


> e. 


so the series certainly diverges. 
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(b) Since 


urn (n + 1).' , Iln .(. + I)- 1 , 11B + l) 1 

n —« n n /a n nj n—•» (n + l)n n n—oo ' n ' 

the series converges for a < 1/e and diverges for a > 1/e. 

21 - 10 , 


(» + 11 


n+1 


e n n.' (n + l) n+ ^ e n n.' 


(n + 1) 


n+1 


= _ j > _ 2 

n + lln + 1 ) / ,.\n * e(n + 1) 

(" + !)(!+!) 


for sufficiently large n, so 2 n n /e n nj diverges. 

n=l 


3. (a) The function f(y) = e^/y^ is decreasing for y > 1, since 

*■<»> - ** - ± 1°* 7) . 4<. log 

y y 

Now the series 2 (e/n) clearly converges, since (e/n) < 

n=l 

n > 2_, so the integral also converges. 

(b) Since f(x) = (log x) log x is clearly decreasing for x > 1, 

converges if /“ (log x)' log x dx exists. The substitution 

0 

y 

dx = e dy, changes this integral to 


= ae, 

By Problem 


p p 

; e /n for 

the series 
y = log x. 
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I e -*v, 
1 r 


which exists, by part (a). 


(c) The substitution y 
to 

Now 


= log x, dx = e y dy changes / (log x) lo S( lo 6 x ) dx 

1 


1 y 


log y 


dy. 


, l °s y (log y)' 


s y _ „y-(l°g y) _ Y{l-(lyg y) /y) 

— G — “ 


Since lira (log y) /y = 0 (Problem 17-8), it follows that e J /y 
y—« 

close to e y for large y, so the integral certainly diverges. 


y a, 1o s y, is 


4. (b) Define (a n ) inductively as follows: 

a ± = [10x], 

a = [10 n x - (10 n_1 a, + ... + 10a ,)]. 

n -L n~-L 

For each n we have 

0 < 10 n x - (10““^ + ... + lOa^) - a n < 1, 


(*) 0 < 10 n+1 x - (10*^ + 


+ 10^ a n ± + lOa^) < 10, 


SO 
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so 0 < a n+i < 9 for each n. Moreover, from (*) we have 


0 < x - (a^lQ + a^lO + •.. + 10 ^ a n ) < 10 n . 


,-2 


(e) 


n 


so x = S a 10 


n=l 


n 


Let a = 10 a, + ... + 10a, . + a, . Then 

1 k-1 k 


2 a 10 
n 

n=l 


-n 


a 


io k io 2k io 3k 


1 + 


a 

10 1 * 

_a_1___ 

loRl - ro 

9a . 


— (—\ 2 
L0 + \ 10 ) 


10 


k-1 


(d) The number a^ in part (b) satisfies 


0 < - (10 n_1 ai + ... + 10a. 


n-1 


+ a ) < 1. 


Now 10 p/q can be written as k + r/q where k is an integer and 
0 < r < q - 1. In this case a.^ +± = [lQr/q]. Since there are at most 
q different fractions r/q, there will have to be some m and n with 
> n and a n+1 = [10r/q] = a It is easy to see that we will then 

, etc. 


m 

have a 


= a 
n+2 m+2 5 
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5. The proof of Leibnitz's Theorem shows that if N is even, then 


00 n-4-i 

s„< 2 (-l) n * n < W’ 

n=1 


so I Z (- 1 ) n+ \ - S | < s N+1 - s N = a N+1 < a N . (Strict inequality holds 
n=1 

unless s^ = s n+ 1^ or a N+l = pro °^ is sirailar if N is 


6. There is some N’such that c/2 < a n A n < 2c for n > N - Hence 


b < - a 
n c n 


and 


a < 2c b • 
n x n 


oo oo 

The ordinary comparison test then implies that 2 b converges if 2 a 

n=l n n=l 

converges, and conversely. 


n ,— 

7. Suppose r < 1. Choose s with r < s < 1. There is some N such that W a n < 


for n > N. Then a n < s n , so 


00 “ n 

2 a < 2 s 

n=N n=N 


converges. If r > 1, and r > s > 1, then there is some N such that 


for n > N. Thus a > s n > 1, so 2 a does not converge. 
n " n=l 


8. The sequence 1, -1, 1, -1, 1, -1,... is Cesaro summable to 1/2. 


9. (a) Choose m so that a^,...,a n appear among b^,...,b. 


m 
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(b) This follows immediately from part (a), since 2 a is the least upper 

n=l n 

bound of all partial sums s n . (Actually, we have only proved that the 

inequality holds if the sum 2 b exists.) 

A n ' 

n^l 

00 00 

(c) The reverse inequality Z b R < 2 a n follows from part (b), since 

n=l n=l w 

(a n ) is also a rearrangement of (b n ). It follows that 2 b exists 
°° n=l 

and equals 2 a . 

n=l n 


(d) Let (p n ) and (q n ) be the series formed of the positive and negative 
terms, respectively, of (a n ), and let (P n ') and {q n *) be defined 
similarly for (b n ). Then fP n '} is a rearrangement of (p^) and similarly 

* >or ^ par ^ ( d )> 2 P n ' = ^ P n 810(1 ^^n' = ^^n' sums on 

right existing because ( a n ) is absolutely convergent. Therefore, (b n ) 

00 00 
is absolutely convergent, and 2 b = Zp 1 - 2q ' = Zp - 2q =2 a . 

n=l n n n n n n=l n 


10. (a) Let b. = a . Then 

j n j 


Ibjl + |b J+1 | + ... + |b K l - |. nj | ♦ l« Vi l + ... + 1^1 

1 'V + '•*«' + '%*' + - + 'V 


Consequently, lim jb | + ... + |b | = 0. 

J K 
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(b) If Z a^ does not converge absolutely, then either Zp or Zq diverges, 

n=l 

where Zp n is the series of positive terms, and Zq n the series of nega¬ 
tive terms. Choose the appropriate one as Zb n * 

(c) The series a^ + a^ + a<_ + ... and a^ + a^ + a^ + .. . both converge by 

part (a). The same is true of the series a^ + 0 + a^ + 0 + a^ + . .. 

00 

and 0 H-a^ + 0 +a^ + 0 +a^+ whose sum in Z a^. 

n=l 


11. For every N, we have 


N 

I 2 

n=l 


n' 


N 

V *. 1 i |a n' 

n=l n=l 


Since 


Z 

n=l 


a 

n 


N 

lim 2 a the result follows. 
N—oo n=l n 


12. Choose 6 > 0 so that (sin x) > 1/2 on (tor + 7r/2 - 6 , lor + 7 t/ 2 + 6). Then 


k7T47r/2-6 

r 


J 


!(sin x)/x| dx > ^ ~ + - 5 - y 2 - 


kn-h7r/2+6 


Since the series 


k=l tor + 7 t/2 


diverges, the same is true for the integral. 


13. Let f be the function whose graph is shown below 
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16 . (a) 


( b ) 


(c) 


( “ Un 

\k + l/ r _ rg(g - !)•...•((* - k)/(k + 1)1 = a - k . 

^gyk “ (g - 1)\ .. - (a - k + l)/kJ k + 1 

Clearly 


so 


lim 

k~»<» 



l r I 


< |( n " 1 ) xn+1 | b y p art ( a )- 

CX —1 

We have 0<l + x<l + t<l. If g - 1 > 0, then (1 + t) < 1. 

a - 1 < 0, then (1 + t) a_1 < (1 + x) 0 " 1 . So (1 + t) a_1 < M, so 
|x(l + t) a_1 ! < |x|M. Moreover, since -1 < x and t < 0, we have 


-t > xt, 

0 >x- t > x + xt, 

0 < X < 1 + t, since x < 0 

0 < 1 - t/x < 1 + t, 

0 < t ~ J/* < 1, since 1 + t > 0. 

1 4" 


If 





358 CHAPTER 22 


Thus 


R nj0 ( x )l - |(n + l)( n l ± )x(l + t) a - 1 (^) n | 
< |xciM| - ! (° ^x n | —0 by part 


17. (a) 


(b) 


(c) 


According to Problem 2l-20(b), if m < a 1 + ... + a n < M, then 

V £ V>* + • • • + »n b „ £ V- 

Since lim b = 0, this shows that lim a. b, + ... + a b = 0. 
k — k k,n—. k k n n 

Let a n = ( _1 ) i the partial sums are bounded. So if b^ > b 2 > b_ >.. 

00 A 

0 and lim = 0, then 2 (-l) n+ b converges. 

n-^« n=l 

Choose b n = 1/n and a^ = cos nx. The partial sums of (a^} are bounded 
because, by Problem 15-31, 


| cos x + ... + cos nx| 


sin(n + 1/2)x 1 sin(n + 1/2)x 1 
2 sin x/2 2 2 sin x/2 + 2 


^ 2|sin x/2| 



18. Since 


a l > a 2 > a 3 > a 4 > a 5 > a 6 ^ a 7 ^ a 8 ^ 


we have 
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a 2 1 a 2 
2a 4 1 a 3 + a 4 

4a 8 < a 5 + a 6 + a 7 + V 

etc. 


So 


N 

2 

n=l 


.N 


2 n a n < 2( 2 a fc ) < 2 S « fc . 


k=l 


k=l 


19. (a) 


This problem depends upon Problem 1-18, or more precisely, on the 
following generalization: 


l x l y l + + x n y nl * ^ x l 2 + + X n 2 V^i 2 + ... + y n 2 . 

(This may be proved, for example, by imitating part (b) of Problem 1-18, 
or see the solution to Problem 13-33(c).) We have 


/ p 2 / 2 2 

1 n n mm 1 — v n m v n m 

2 2 

This shows that the Cauchy condition for (a n ) and (b^ } implies the 

Cauchy condition for (a b }. 

n n 


(b) Apply part (a) with b n = 1/n. 


20. Choose n so that a + ... + a < e for m > n. Then 

n m — 


(m - n)a_ < a. + ... + a < e. 
v ' m — n m 
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Since lim m/(m - n) = 1 and 
m—» 


ma = 


m 


- _ _ (m - n) a , 
m m - n v ' n 


it follows that ma^ < 2e for sufficiently large m. 


21. Let fa } be 

1 n J 

>, 1 1111 1 1 l l 

’ " ? ■ v 3 ’t v " v ' v - v - r--* • 

22. Suppose p/q < 1/n and p/q > l/(n + 1). Then np < q, and 


£ 1 _ pn + p - q _ 

q n + 1 _ q(n + l) 


The numerator pn+p-qis<q+p-q=p. (of course, it may be even 
smaller when the fraction is expressed in lowest terms.) 
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1. (ii) 

(iv) 

2. (ii) 

(iv) 

3. (ii) 

(iv) 

_1 

2- 


f(x) = lim f (x) = 0. The sequence (f n ) converges uniformly to f (in 
n—» 

fact, is eventually 0) on (a, b], but does not converge uniformly to 
f onB . 


-nx 


f(x) = lim e 
n—oo 


(f^J does not converge uniformly to f. 



2 3 4 

•y / \ X X X X 

log(-a) - ^ - — - — - ZJ 


2a 


~ /-l/2\ 2k 

k=0 ' k ' 


3a J 4a 


1/(1 + x 3 ). 


By Problem 10, 


2 2 4 5 

x x.x x J 


[ - 3 T 2 + IF3 - 5 ^ = ±72 - 3*2 + " 5^ 


+ •« 


= lim (1 + x)log(l + x) - x by part (iii) 

x—1 

= 2 log 2 - 2. 


361 
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f(x) 


(v) If 

4 7 10 

f(x) - x- J- + 2 --^ r +..., 


then for |x| < 1 we have 

f'(x) = 1 - x^ + x^ - x^ + = —-—=• by part (ii) 

1 + x- 3 


_1_ = 1/3 + -x/3 + 2/3 ^ 

(x + l)(x 2 - x + 1) x + 1 x 2 - x + 1 


1/3 1 2x - 1 . 1. 1 

p + ' 2 

x + 1 6x - x + 1 2 x - x + 1 


so 


•|log(x + 1) - ^log(x 2 -x + 1) + - ^L^ arctan - ^ -^r - + ^g^a rctan J 7 ^ 2 


1 i 2 *5 

•jlOg(x + 1) - -glog(x - X 4- 1) + . - £g "' arctan 


x - 1/2 3 73 7T 

Vv5 16 6 


Consequently, 


, 1 1 
1 ‘ t + 7 


10 


= lim f(x) = l0 f + 7r. 

x-1 J 




CALCULUS 


363 


5 - (a) 


(1 + x)f' (x) = (1 + x) 



= 2 a( a )x n = «f(x). 
n=0 W 


(to) 


g. (x) _ (1 ± x) q f(x) - f(x)q(i + x) 0 - 1 = 0 
(l + x) 2a 

a 

so g is a constant c. Thus f(x) = c(l + x) . 
c = 1. 


by part (a). 

Since f(0) = 1, we have 


6 . (a) a^ = f( n ^(0)/ni = 0. 


(b) a Q = f(0) = lim f(x n ) = 0, since f is continuous at 0. Thus 
u n—*oo 

f(x) . 2 a x n - J l ./•*) - x( z Vl*”) - xg(x) - 

n=l \n=l / \n=0 • 


Now g(x n ) = 0 (for all x n / 0), so by the result just proved, = 0. 
Thus 

f(x) = x 2 2 a x n , 
n=0 

so a^ = 0, etc. 
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(c) Apply part (b) to f - g. 


7. If f is even, then f( n ) is odd for n odd, so a n = f^ n ^(0)/ni = 0 for r 
If f is odd, then f^ n ^ is odd for n even, so a n = 0 for n even. 


8 . (a) 


Clearly a n _^ < a^. Hence 


a 2a 

n n 


(*) 


n 


a 

2,x! < 1 for 1x1 < V2. 


a x 
n 


(c) We have 


f(x) 
xf (x) 


S ax 

4 n 

n=1 


n ~ 1 = 1 + x + 2x 2 + 3x 3 + 


2 ax 
n=l n 


n = x + x 2 + 2x 3 + 


x 2 f(x) 


Sax 

n 

n=l 


n+1 


x 2 + x 3 + 


so 


f(x) = 1 + xf(x) + X f(x). 


odd. 
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(d) Let a = (-1 - V5)/2 and P = (-1 + >/5)/2. Then 

-1 _ V j/j_*_ 


f(x) = 


_ = _ f -V-/5 1/75 l/_vg; 

X 2 + X - 1" x . (zl ,- g yg) x . ( - 1 ±^& ) x - “ x - s 


3- ( i _ _ 2S_ _ .. \ _ JL/_ 

75 \ a a 2 a 3 / V5\ 


1 / 1 x_x_ 

75 \ P P 2 P 3 


Consequently, 




1 

1 

i 

a/5 

(- 1 ♦,*? 

c,_^ 

*» 

OJ 

1 

tH 

1 


1 

i 

h 

i 

ro 

r "3 

- (- 1 + 2 ^T| 

^5 

1 

(- 1 - 2 y5 ) n 

■{^Sf 


b^AT - J 



• • • 1 • 


9. The power series for f(x) = log(l - x) is 2 f-l) n a x 11 , where 2 a x is the 

n=0 n=0 


n 


power series for h(x) = log(l + x). Since 2 a x 11 converges only for 

n=0 


-1 < x < 1, the power series 2 (-l) n a x n converges only for -1 < x < 1. 

n=0 

Since g(x) = f(x) - h(x), its power series converges only for -1 < x < 1. 
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Q O 

10. If 0 < x < 1, then x > x > x° > ... > 0. Consequently Abel's Lemma shows 

that |a m x m + ... + a n xI1 | < e if l a m + ... + & n l < e. The latter condition is 

true for sufficiently large m and n. Consequently, |a x m + a .x m+1 + ... 

m m+i 

< e for sufficiently large m and all x in [0, 1]. This means that for all 
x in [ 0 , 1 ], 

l„!o • <a o + - + a -/‘ 1) l < e 

00 n 

for sufficiently large m. This is precisely the assertion that 2 ax 

n =0 n 

converges uniformly in [ 0 , 1 ]. 


11. Let a = (-l) n . For 0 < x < 1, we have 


2 ax = 1 - x + x - x J + ... = i- 9 

n =0 n 1 + x 


so 


lim 2 a x = lim -— r - 77 

x-l* n =0 n x- 1 - x + 1 2 


12. Given e > 0, choose N so that |g(x) - f n '(x)| < e for all x in [a, b]. Then 

x x 

1/ e - / f ' I < e 

a a 

x 

for all x in [a, b]. But / g = f(x) - f(a) (see the proof of Theorem 3), 

a 

so If(x) - f n 1 (x)| < e for all x in [a, b]. 
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13. (a) Choose N so that if n > N, then jf(x) ~ f n ( x ) I < 1 for all x in [a, b]. 

Since f^ is bounded, there is some M such that |f^(x)| < M for all x 

in [a, b]. Then |f(x)| < |f N (x)| + 1 < M + 1. 

(b) Let f n (x) = nx for 0 < x < l/Vn, and f(x) = 1/x for i/-/n < x < 1. 

Then lim f n (0) = 0 and lira f n (x) = 1/x for 0 < x < 1. 

n—oo n -•oo 



14. Let f n (x) = [f(x + 1/n) - f(x)]/(l/n). 

15. Let (a n ) be the sequence 0, 1, 1/2, 1/3, 2/3, 1/4, 3/4, 1/5, 2/5, 3/5, 4/5, 
1/6, 5/6,... . Let f n (x) = 0 if x / a 1 ,...,a n , and let f n (aj) = 1 for 

1 < J < n. 

16. (a) Suppose (Uq,..., u m ) contains {tg,...,t n }. For each i we have 

*i = U a < Vl < < U p = *1+1 

for some u ,...,u Q . Then f has the constant value s on each 
a' ' p 1 
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n 

(u a> H-.j.-t)* Thus the sum 2 s, (t. - t. .) is the sum 

Cl-t-J - ± '-* +J ’ —jL ^ ^ 1~J- 

m 1 “ 

2 s * .(u. - u . .) where s’ . is the constant value of f on (u, - u. , 

«3 J J-l J v j j-1 

To deal with the general case, consider a partition containing both 
a nd {tQ,.,.,t n }. 

(b) Choose N so that for n > N we have |f(x) - s^(x)| < e/2 for all x in 
[a, b] • 

(c) From |s n (x) - s m (x) | < e it follows easily that 

b b 

jl S - / Sj < e(b - a), 

a a 

(d) Choose N so that for n > N we have both |f(x) - s n ( x ) ! < € / 2 and 
| f (x) - s m (x) | < e/2 for all x in [a, b]. 

(e) For any e > 0, choose N so that if n > N, then 

b b 

|lim / s n - / s n | < J, 

n—co a a 

b b 

|lim f t - / t | < b 

n— oo a a 

l s n ( x ) " V*)' < 3 (b ! a ) for all x in [a, 

The last equation implies that 
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It follows that 


b b 

1/ s - / t I < I- 


n 


n 


a " a 

b .b 

llim / - lim J t 

n-*» a a 


n 


< e. 


(f) Let 

A={y:a<y<b and there is a step function s on [a, y] such that 
|f(x) - s(x)| < e for all x in [a, y]}. 


Let a = sup A. Since f is continuous at a, there is a 6 > 0 such that 

|f(x) - f(ct) | < e for |x - a | <6. There is some y in A with 

a - 6 < y < <*• Thus there is a step function s defined on [a, y] with 
|f(x) - s(x)| < e for all x in [a, y]. Define s 1 (x) = s(x) for x in 
[a, y] and s ± (x) = f(c) for y < x < a. Then s ± is a step function de¬ 
fined on [a, a] with |f(x) - s 1 (x)I < e for all x in [a, a]. This 
shows that a is in A. Similarly, if ct < b, then pick 6 as before, and 
let s be a step function defined on [a, a] with lf(x) - s(x) I < e 
for x in [a, a]. If s^(x) is defined as s(x) for x in [a, a] and as 

f (a) for a < x < a + 6/2, then |f(x) - s ± (x)| < e for x in [a, a + 6/2], 

So a + 6/2 is in A, contradicting the definition of a. So a = b, which 
completes the proof. 

[The class of regulated functions can be determined more expli¬ 
citly, as follows. A step function s has the property that lim + s(x) 

x—a 
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and lim s(x) exist for all a. It is not hard to show that a uniform 
x-a~ 

limit of step functions must have the same property (the proof is a 
simple modification of the proof of Theorem 2.) The converse is also 
true--if f has right and left hand limits at every point, then f is 
regulated. Notice that the class of regulated functions is smaller 
than the class of integrable functions. For example, if f(0) =0 and 
f(x) = sin 1/x for 0 < x < 1, then f is integrable on [0, 1] (by Pro¬ 
blem 13-14, for example), but is not regulated.] 

17. The function f^ is shown below. The length of each f n is 2, since two sides 
of an equilateral triangle have a total length of twice the other side. 

_* AAAAAAAAA, _ 
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1. (ii) |(3 + 4i) -1 | = 1/|3 + 4i| = 1/5; 0 = -argument of 3 + 4i = -arctan 4/3. 

(iv) | V3 + 411 = ^(3 + 4i| = T/5; 9 = (arctan 4/3)A* 

2. (ii) (x 2 ) 2 + x 2 + 1 = 0, so 


2 -1 Z /l 

X = _ 


-1 + / 3 l or -1 - 731 


= cos + i sin or cos — + i sin —• 


So x is one of the square roots of these numbers, so x is one of 


7T , . 7T 

cos *2 + 1 sm 2 = 


1 

2 2 * 


kit . . . 47T 

cos — +i sin — 




i. 


2tt . . . 2tt 

cos +i sm — 


1 + Vli 

2 2 1> 


cos +i sin |Z - i _ -^i. 


(iv) x 

y 


7 4i 
3 ‘ 3 ’ 
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3. (ii) All z with |z| =1. 

(iv) The ellipse consisting of all points the sum of whose distances from a 

and b is c, if c > |a - b| ; the line segment between a and b if 

|a - b| = c; 0 if Ja - b| > c. 

6. z and •s/i’z V^i are reflections of each other through the diagonal, because 
the diagonal goes into the real axis under multiplication by \/^i, so 

VT*z -y/^I is obtained by rotating the plane until the diagonal lies along the 
real axis, then reflecting through the real axis, and then rotating back by 
the same amount. 

7. (a) Since ag,...,a ^ are real, we have 

0 = (a + bi) n + a n _ ± (a + bi) n_1 + ... + a Q 

= (a + bi) n + a n _ ± ( a + bi) n_1 + ... + a Q . 

(b) Since a + bi and a - bi are roots, z n + a n _ ± z n_1 + ... + a Q is divisible 
by z - (a + bi) and z - (a - bi), and by their product 

[z - (a + bi)Mz - (a - bi) ] = z 2 - 2az + (a 2 + b 2 ). 

8. (a) Suppose that a+b v /c=a t + b 1 ,/c. Ifb = b 1 , then also a = a'. If 

b / b 1 , then we would have ^/c = (a - a')/(b - b 1 ), contradicting the 

fact that is irrational (Problem 2-16). 
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(b) The proofs are almost exactly the same as parts (l)-(6) of Theorem 1. 

(c) Since a Q,.-*» a n _i are integers, we have 

0 = (a + b yc) n + a n _ 1 (a + b yc) n_1 + ... + a Q 
= (ITb/) n + a n _i( a + b v ^) n_1 + ••• + V 

„ u. n. ri k - n ^ 

10. (a) If = 1, then (oj k ) = a) = (“ ) = *• 

(b) There are two primitive 3 r< ^ roots and 4 primitive 5 roots (in each 

case, all roots except 1); there are two primitive 4 roots (i and 
-i) and six primitive 9 th roots (if o is the root with smallest argu¬ 
ment, then 1, a> 3 , and cu 6 are not primitive). (In general, the number 
of primitive n th roots is the number of numbers from 1 to n - 1 that 
have no factor in common with n.] 


(c) By Problem 2-4, 


1 + CD + 


+ 


n-1 


1 - 0 )' 
l-O) 


= 0 . 


11, (a) The assertion is clear if the line is the real axis, because in that 
case the imaginary parts of are either a11 positive or all 

negative, so the same is true for the sum. In general, let 0 be the 
angle between the line and the real axis, and let w = cos 0 + i sin 0. 
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— 1 —1 

Then z^w , ...,z fc w all lie on one side of the real axis, so the same 

-1 -1 1 
is true of z ± w ,...,z fc w = (z ± + ... + z fc )w" , which shows that 

z ± + ... + lies on the corresponding side of the original line. 

-*1 

(b) z is above the real axis if and only if z is below the real axis, 
and conversely. This proves the assertion when the line is the real 
axis. The general case then follows as in part (a). 

12. The hypotheses remain true when each z^ is multiplied by the same w. So we 

can assume that z^ is real, in fact, that z^ = 1. It follows that z^ + z^ 

is real, so z^ = a + b^ z^ = a - b^. Moreover, 2a + 1 = 0, so a = -1/2; 

2 2 

since a + b = 1, we have b = V3/2. The points 1, -1/2 + i */3/2, and 
-1/2 - iV3/2 do lie on the vertices of an equilateral triangle. 
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1. (a) 

(*) 

2. (a) 

(b) 

3. (a) 


If |x - Xq| < 6, then |a(x) - a(Xg)| < 6. Similarly, if |y - y Q | < 6, 
then |P(y) - P(y Q )I < 6. 

g = foo; h = fop. 


g is a continuous real-valued function on [0, 1] with g(0) — f(z) and 
g(l) = f(w). So g takes on all values between f(z) and f(w) on [0, 1], 


Let f(x + iy) 


= x + i(y + 



on [0, l]x[-l, 0]. 



There is, by the Fundamental Theorem of Algebra, some number z^ such 
that z^ n + a n ^z^ n ^ + ... +ag=0. Then 

+ V /' 1 V /' 2 + ••• + V 


for some numbers b 0 >“*> b n _ 2 ( as in Problem 3-7). Using an inductive 
argument, we can assume that 

n 

z + + b 0 = (Z - Z ± ) 


for some nuiribers Zg, , z n « 
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(b) According to Problem 24-7, the non-real numbers z^,...,z n from part 
(a) occur in pairs which are conjugates of each other, and 
(z - z i )(z - z^) has real coefficients. 


4. (a) is obvious. 

n m p n m 

(b) If f = 2 h. and g = 2 k , then fg = 2 2 (h.k.) . 

i=l 1 j=l J i=i j=l 1 J 

(c) If f(a) = 0, then f(x) = (x - a)f^(x) for some polynomial function f^„ 

Then f^(x) > 0 for x > a, and f^(x) < 0 for x < a. So f^(a) = 0. Thus 

^ 2 

every root of f is a double root, so f(x) = n (x - a ) g(x) where 

i=l 1 

g(x) >0 for all x. Since g has no roots. Problem 3 shows that g is 

2 

a product of quadratic factors x + ax + b without roots. Thus 
2 

a - 4b < 0, so we can write 


2 2 
x 2 + ax + b = (x + ~) + (Vo - a 2 /4) , 

which is a sum of squares. So f is a product of sums of squares, so 
f is a sum of squares. 


5. (a) Follow the procedure given in the hint, to obtain a decreasing sequence 
of rectangles [a^, b^xfc^, d.^], each containing infinitely many 
points of A. By the Nested Intervals Theorem (Problem 8-14), there is 
a point x in all [a^, b i ] and a point y in [c i , d^). Then 
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z = (x, y) - x + iy is in all [a , b^xtc^ d ± ]. If e > 0, then for 
some i the set [a ± , h i ]x[c i , d ± ] is contained in [a: |z - a| < e}, so 
there are infinitely many points of A in (a: |z - a| < e). 

(b) If f were not bounded on [a, b]x[c, d], then there would be points a fi 

in [a, b]x[c, d] with |f(a n )| > N. If z is a limit point of 

(a n : n in N }, then for every e > 0 there are points a n with 
la - zI < e, so f(a ) > N. This contradicts the fact that f is 
continuous at z. 

(c) Let a = sup(f(z): z in [a, b]x[c, d]}; this exists by part (b). If 
o / f(z) for all z in [a, b]x[c, d], then g(z) = l/(f( z ) - «) would 
be a continuous unbounded function on [a, b]x[c, d]. 


6. (a) If c = a + pi, then z = a + bi satisfies z = c if and only if 


2 ,2 

a - b = a. 


2ab = 0, 


which can be solved to give 

\ 


b = 


= \/aa + 2Va 2 + P^ 
P _ 


or 


2Vai + 2v4 2 + P 2 


a = - + 2V^ 2 + p 2 

P = - - = 

2v4o + 2V« 2 + P 2 
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(b) 


If n — 2k, then a solution of z ^ - Vc = 0 will be a solution of 
2n 

z - C = 0. (If k is even, we can continue until we reach an odd 
number.) 


(c) For this f we have 

g(z) = f(z + Zq ) = (z + z Q ) n - c = (z Q n - c) + (nz 0 )z + ... . 

(d) Suppose, for example, that -c = a + Pi with a, p > 0. If 6 n < a, then 
|-c - <5 n | < )-c |. The same sort of argument works for all other cases. 


• • • 


7. (a) 


m -1 


** in — jl m 

f, (z) = 2 m (z - z ± ) \ . .•(z - z ) a *...•( z - z ) k 
0=1 K 

h m. m m 

= all " Z±) **“ ,(Z " ‘***‘ (Z " Z h } (Z ' z a } 


-1 


(*) 


m m 

= (z - z ± ) \. .•( z - z.) * 


k 

. 2 

a=l 


m a( z - z a) 


-1 


If did all lie on the same side of a straight line through 

z, then z - z^,.. # ,z - z^ would all lie on the same side of a straight 
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line through 0. The same would then be true of 

m 1 " 1 (z - z 1 ),...,m k “ 1 (z - z fc ), since > 0. By Problem 

24-11, this would imply that g(z) / 0, a contradiction. 

(c) If z satisfied f'(z) =0 but z were not in the convex hull of the 

set (z 1 ,...,z k ), then there would be a straight line through z con¬ 
taining the points z^,...,z k . This contradicts part (b). 

8. The proof is exactly the same as for real-valued functions defined on R . 


9. (a) Let z q — Xq + ly 0 . Since 

a + ip = f'(z n ) = lim 
u z-0 


f ( z n + z) - f(z n ) 


it must be true, in particular, that for real 6 we have 


f(z + 6) - f(z Q ) 

a + ip = lim- = lim 

6—0 6 6-0 

= g'(x 0 ) + ih'(x Q ), 

so a = g'(x Q ) and p = h'(x Q ). 


g(x n + 6) - g(x n ) h(x 0 + 6) - 6(x Q ) 


+ x 


(b) We also have 



380 CHAPTER 25 


f(z + 6i) . f(z ) 

a + ip = lira---— = lim 

6—0 6i 6—0 

k '(y 0 ) 

= i'(y 0 ), 

so £ '(y Q ) = a and k'(y Q ) = -P. 


k (y 0 + & ) - fc(y 0 ) + ^ Hvq + 6) - je(y Q ) 


6i 


6i 


(c) Part (b) shows that u and v are constant along horizontal and vertical 
lines. 


10. (a) 


(*) 


f( k )(x) 


= 2i( 


(-i) k M _ J. ‘ xk 

(x - i) k+1 (x + i) 


ai.fciA 

+ i) k+1 / 


arctan^ k ^(0) = f( k-1 )(0) 


(~l) k ~ 1 (k - 1) l / 1 _l\ 

21 V(-i) k "i k / 


k k-l 


= - 21 (k - i k [1 + (-l) k-1 }. 


[if k is even, then arctan^ k ^(0) =0. If k = 2i + 1, then 
arctan (2£+1 )(0) = (2i)i(-l) i .] 
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1. (ii) 
(iv) 

2. (ii) 

(iv) 

3. (ii) 

(iv) 


Absolutely convergent. 


Absolutely convergent, since |l/2 + i/2| = -J2/2. < 1. 


The limit 


l*r*V(n ± il . |,| ilm 

| z | n /n n—» 

is < 1 for |z| <1 and > 1 for |z| >1. 


lim ■ 
n—« 


n 


n + 1 


= z 


The limit 

1 ±JlO±L , | 2| lln n + 1 + 

n—oo \z\ (n + 2 ) n— oo n + 2 


= z 


is < 1 for {z| <1 and > 1 for |z| > 1. 


Since 

n n 

lim = | z | lim —2LD1 = M. (by Problem 21-10), 

n 1 1 n e 

n—oo v n n—oo 

the radius of convergence is e. 

Since 

n n 2 

lim = |z| lim ^(by Problem 21-1), 

n—oo 2 n n—oo 

the radius of convergence is 2. 
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4. (a) Since lim n ^/\a~\‘ |z| = lim n «/ 1a z"|. Problem 22-7 shows that 2 a z 11 
n-»°o n-^<» n=0 n 

converges (absolutely). 


(b) If lim \/| a n zll | = 1 + e for e > 0, then there are infinitely many n 
n—*«> 

with VK 2 !* > 1 + G /2, so l a n zI1 | > (1 + € /2) n for infinitely many 
n, so the terms a z n are unbounded. 


(e) Since the terms T \A a j are unbounded, the same is true for ?/|a z n l 

v n v n 

0 ° 

for z ^ 0. This is all the more true for |a z |, so 2 a z n diverges. 

n _ n n 


5. 


If z is on the unit circle, then |z n /n 2 | < 1/n 2 , 

the comparison test. 

00 

The series 2 z certainly diverges for z 
n=l 


Problem 2-4 


2 

so 2 |z |/n converges by 
n=l n 

= 1. If z / 1, then by 


N 

2 


n 


z 


n=l 



N 


z 


z 


N n N 

If lim 2 z existed, then lim z would exist, which is impossible, since 
N-*<» n=l N-»oo 

i = lim z 1 ^ would imply that z 4 = lim z^ + ^ =4, or z = 1. 

N—00 N —00 

00 ^ 

The series 2 z /n diverges for z = 1 and converges for z = -1. 
n=l 


6. (a) Clearly e^ = 1. Now the function g(z) = e Z e~ Z satisfies g*(z) 

= e Z e“ Z - e Z e~ Z = 0, and g(0) = 1, so e Z e~ Z = 1 for all z (Problem 25-9). 

Z Z-j-W w 

In particular, e / 0 for all z. Now let g(w) = e /e . Then 
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w z+w z+w w 

e-(w) = ee 2 ; — = °> 


and g(0) = e Z , so g(w) = e z for all w, so e Z+W = e x e Z for all w. 


(b) 


sin z cos w + cos z sin 




i(z+w) -i(z+w) 

®-—- = sin( z + w) 

21 v ' 


cos z cos w - sin z sin w 


1* + + e- l "\ ( e lz - e'^Ve 1 " - e' 1 " 


/ iz -iz\ / iw -iw \ / 


2 / \ 2 
s i(z+w) + e -i(z+w) 


2i 


2i 


) 


= cos(z + w). 


7. (a) Since e iy = cos y + i sin y, the problem is just a restatement of Pro¬ 

blem 15 - 21 . 

(t) 

| e X+iy | = |e x -e iy | = |e x |*|cos y + i sin y| = |e x |. 

8. (a) If 2/0, then z = r(cos 9 + i sin 9) for some r > 0. Then 

exp(log r + i0) = z. 
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(b) We have sin z = w when 


iz -iz 
e - e 



This equation can always be solved for z, by part (a), since iw + Jl - w 

/ 0 . 


9. (a) If g(x) = u(x) and h(x) = v(x) for real x, then Problem 25-9 shows that 
f’(x) = g'(x) + ih'(x). Thus if we write f' = u 1 + iv 1 for real-valued 
Uj_ an< ^ an< * define g^(x) = u^(x) and h^(x) = v^(x) for real x, then 
g 1 = g' and h ± = h', so another application of Problem 25-9 shows that 
f"(x) = g"(x) + ih"(x) for real x. Continuing inductively, we have 
f^ )(x) = g^ ^(x) + ih^^(x) for all k. Separating out the real and 
imaginary parts of 

f^ ^(x) + a n _^f^ n ^(x) + ... + a gf(x) = 0 for real x 
show that g and h satisfy (*). 

(b) If a - b + ci is a root of z n + a^z 11 ” 1 + ... + a Q = 0, then as in 
Problem 17-31, the function f(z) = e az = e bz cos cz + ie bz sin cz 
satisfies (*). So by part (a), the functions g(x) = e bx 
h(x) = e sin cx satisfy (*). 


cos cx and 
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10. (a), (b) e Z = e x+iy = e x (cos y + i sin y) = w means that e x = |w|, so 

x+iyn x+iy 1 

x = log |w|, and y is an argument of w. In particular e u = e 

0 2n i 

if Yq and y^ are arguments for w (for example, e = e ), so exp is 
not one-one. 

(c) Suppose that there was a continuous function log defined for jz| =1 
such that exp(log (z)) = z for all z with |z j = 1. Then we could write 

log(z) = ot(z) -f iP(z) for continuous real-valued functions oi and 
We must have a(z) = 0 for |z| = 1, and p(z) an argument of z for 
j z| =1. This contradicts the fact that there is no continuous argu¬ 
ment function. 

(d) All numbers of the form i(2k7r + tt/2) . 

(e) All numbers of the form e ( 2iOT+7r / 2 ) # 

(f) l 1 has the values e i ( 2lC7T1 ) = e “ 2k7T . The logarithms of these (real) 

j_ i 

numbers have the values -2k7T + 2j?7ri. So (1 ) has the values 

i( -2k.7T+2i7ri) = e ~2i7T 

But l” 1 has only the values e ( 2iOT i) = 1. 


11. (a) j x + i | = 1 + x 2 , and an argument for x + 1 is arctan 1/x 

= 7T/2 - arctan x, while an argument for x - i is arctan(-l/x) 
= - arctan 1/x = -( tt/2 - arctan x). 
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(b) From part (a) we obtain 

^j[log(x - i) - log(x + i) ] = 2i(^- - arctan x) 

= arctan x - -n/2, 

which differs by a constant from the usual answer, arctan x. 

2. (a) Since * n - = (b n - b J + i(c n - cj , we have |b n - b m | < |a n - aj 

and ,c n " c iJ 1 |a n ~ a iJ' so fb n } and * c n } are Cauch y if (a n ) is. 
Since we also have |a n - aj < |b n - b m | + |c n - cj, it follows that 
(a n ) is Cauchy if (b n } and {c n ) are. 

(b) If ( a n ) is Cauchy, then (b n ) and fc^} are, so (b n ) and (c n ) converge 
to a and p, respectively. Thus (a n ) converges to a + ip, by Theorem 1. 

(c) The hint is the answer. Since Cauchy sequences of complex numbers are 

the same as convergent sequences of complex numbers, there is a Cauchy 

criterion for convergence of complex series: 2 a converges if and 

n=l n 

only if lim I a + ... + a ' =0. Now write down the proofs for the 
m,n—oo 111 

first halves of both Theorems 22-4 and 22-7, interpreting all numbers 


as complex numbers. 
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13. 


14. (a) 


— + cos 0 + ., 


+ cos n0 = 


1, -in0 , , a , 

2 (e + ... + 1 + 

-in0 i9 

— 2 — ( 1 + ® + • • • 

-in0 
e_ 

2 

-in0 


in0 N 
+ e ) 


+ e 


2ni0v 


1 - e 


i(2n+l)0 


- e 


1 - e i9 
i (n+1) 0 


2(1 - e 19 ) 


e -l(n+l/2) 0 _ e i(n+l/2 0 ) 

= 2(e -W2 e i8/2 } 

_ sin(n + 1/2)0 
2 sin 0/2 


n+1 


n+2 

a n+l 


a n+l + a n 
a n+l 


± + Jjl. . ± + =L. 

a n+l r n 


(b) If r = lim r n exists, then 

n-*oo 

r = lim r = lim 1 + = 1 + * 

n—oo n n-^oo n ~ "n 


. = i + 

lim r_ r 

n—“ 


so r = (1 + V5)/2 (clearly r > 0 ). To prove that the limit actually 

exists, note that if r < (1 +• •/ 5 )/ 2 , then r n 2 - r ft - 1 < 0 , so 

2r + 1 
n 

r n * r + 1 = n+ 2 * 

n 

Thus r. < r- < r_ < ... <2, so lim r- +± exists. Similarly, lim r^ 
1 3 ^ n-»oo n-»oo 

exists. Moreover, the equation r n+2 = ( 2r n + ^-)/( r n + *•) lea<is > as 
before, to the fact that both limits are (1 + / 5 )/ 2 . 





388 CHAPTER 26 


(c) The limit 


, n+1; 

a ,z I 
n+1 


lim 

n -*oo [a z~ 
n 


n, 


= lim 


n+1 


a 

n—oo n 


I z ! = 


1 + ■/$ 


is < 1 for 1z! < 2/(1 + /5) and > 1 for jzl > 2/(1 + /5). 


L5. (a) 



e ~ Z + j m (e' Z + l)e z = 1 + e z = _ e z + 1 

e_Z - 1 (e' z - 1)e z 1 - e z e z - 1* 

These formulas show that z/(e z - 1) = -z/2 + h(z), where h is even. 
Consequently, the power series for h contains only even powers of z. 

Thus -1/2 = b 1 is the coefficient of z in the power series for 

z/(e Z - 1), and = 0 for odd n > 1. 


(b) If n > 1, then the coefficient of z n must be 0. But this coefficient 
n-1 


n-x / \ 

is 2 ( n ) b.. 
i=0 ' 1 ' 1 
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16 . 


(c) 


z cot z 


cos z 
z - 

sin z 


li 


IZ 


( e 


iz 


-iz 


+ e 


-iz 

e 


)/2i 


2iz e 2iZ / 2 ± e- 2iZ / 2 
2 * e 2iz/2 e -2iz/2 


= 2 


2n 


n=l (2n) 


(2iz) 


2n 


00 

= 2 
n=l 



(-1) 


n 2 2n z 2n 


(d) From the formula tan 2z = 2 tan z/(l - tan z) (Problem 15-8) we have 

1 


cot z - 2 cot 2z = 


2 2 
1 - tan z tan z 


tan z tan z 


tan z 


= tan z. 


(e) 


tan z = cot z - 2 cot 2z 
oo b 


= 2 


2n 


n ^2n 2n-l 


„=i < 2n > ! 

b 


7 (- 1 ) 2 z 


. * 4^ (-l) n 2 2n z 2n - 1 


n=l ( 2n ) 


= 2 (-if' 1 2 2n (2 2n - ljz 211 - 1 . 


n=l < 2n > J 


(a) Applying (*) to we obtain 
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f (k) (x + 1) - f( k )(x) 


2 f^ k+n ^(x) 

n=l ni 


Thus 


(b) 


kf [f(k) ( x + 1) - f (k) (x)] = 


k=0 


00 
2 

k =0 n=l 


kl ni 


The coefficient of f^x) is bg/O.'l.' = 1. The coefficient of f (j ‘> 
for j > 1 is 

j-1 


J-l b 
2 
k 


ki(J - k)* = IT (k) b k = °* by Problem 15(b). 


f'(0) + ... + ft 


n 

2 

i i ^ 

l k 1 


+ 1) - f^ 

x=0 

\ k=0 K * 



00 

2 

k 1 ^ 


+ 1) - f^) 

k=0 

x=0 


CO t 

2 * 
k=0 

£ [*<*><■> + 1) 

" • 

- f (k) (0)]. 


(c) Let f be a polynomial function with f» = g. Then f(n + 1) - f(0) 

= J g. Since b n = 1, part (b) becomes 
0 u 

n+1 ^ b 

g(0) + ... + g(n) = f g(t) dt + 2 [g( k_1 )(n + 1) - g^ k_1 ^(0)]. 

0 K=1 

(d) g^ k )(x) = pi x p_k /(p - k)J for k < p, so part (c) applied with n - 1 


(x) 


instead of n gives 
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17. ( 


n-1 


Thus 


n+1 

1 

/ X P 

dx + 

0 

1 

p+1 

n , + 

p+1 b 
2 - 

p + 1 

, . k 
k=l 

> P+1 .. 

-L "K 


p+1 b 


k pi 


n 


p-k+1 


, P-k+1 


P+ 1 \ 


p-k+1 


p+1 p p+1 b 


p + 1 


. 2 _k/ P \ n 
^ T k=i* - v 


p-k+1 


Clearly <*> n ( 0) = b n< If n > 1, then 


0 - (i) ■ io(*K*° JU^K since (")■(--*) 


n-l . v 

= S ( ]b + b = b , by Problem 15(b), 
R=0 \ K 11 


<t> ' (x) 
n v 7 


" , (n\ , k-1 

■ ^ >) V K * 

‘ i (B + 4 “ ») *«-!*> 
- £ f; l ) W 1 


n-l 
2 

k=0 
= n< *> n _i( x ) 


To prove the last equation, note first that 
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V 1 - x ) = C 1 - x) 2 - (1 - x) + | = x 2 - 2x + 1 - 1 + X + | 

= x 2 - x + | = 0 2 (x). 

Now suppose that <Z> n (x) = (-l) n <*> n (l - x) for some n > 1. Then the 
function g(x) = « n+1 (l - x) satisfies 

g ' (x) = - x ) “ -( n + " x ) 

= (-l) n+1 (n + l)« n (x) = (-1) n+ % n ' (x). 

Moreover, g(0) = * n+1 (l) = b n+1 = « n+1 (0), so g(x) = (-l) n+ V n+1 (x) 
for all x. 


(b) Substituting from (*) we have 

2 rr tf (k) (x + 1) - f< k ) 

k=0 K - 


(x)] 


N b N-k -(k+n), . N b 

= 2 2 r /(*) 4- 2 —£ R k ) 

1 , n k ' -I ni , „kJ N-k 1 x '‘ 

k=u n=x k=0 


The coefficient of f(x) in the double sum if bg/O.'Oj = 1. For 
1 < J < N, the coefficient of f^ J ^(x) is 
3-1 b fc 

k=0 ^ - k)i = ° by Problem 15(b). 

(c) The term R N _ k k (x) is the remainder x (x + 1) for the function 

f^ k ). Thus 
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R N- 


, x+1 „(k+N-k+l), . , _ 

->> -1 f c - <* +1 - *>" “■ 


So 

N b , x+1 N b, _ /H ,n 

Z „ ST hJ ‘< x > ' ! A E77n4ttT <* + 1 - *> f< ’<*> “ 

k=0 ^ x lr ~ r 


k=0 kJ(N - k)l 

r-' f (N+i) (t) dt> 


= f X+± * w (* + 1 - t) 
X 


N! 


(d) From parts (b) and (c) we obtain 

f'(x) + ... + f'(x + n) = s -y [f^(x + n +1) - f^(x)] 

k=0 

. 2 / X+J+1 V X + ; +1 ^ f (^) (t) dt . 

j=0 x+J 

Applying this to g = f' we obtain the desired formula. 

(e) If t is in [x + j, x + j + 1), then x - t is in [-j - 1, -j]. There¬ 
fore, by definition, ^(x - t) = <*> N (x + J + 1 - t). 


Apply Problem 17(d) to g = log and x = 1, with n - 2 for n. Since 

2 2 
g (x) = -1/x we obtain 


18. (a) 
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l°g(n - 1)J = log 1 + ... + log( n - 1) 


n ^1 Q n V ft) 

= / log t dt + ^7 flog n - log 1] + (-l)^ f 2 ' 1 

1 * 1 2 • .2 


dt 


= / log t dt - — log n + / 


« ^ 2 (t) 


dt 


1 2t 


= n log n - n + 1 - - log n + / 


i . . n 


dt. 


1 2t‘ 


(b) Consequently 

log ni = log(n - 1) i + log n - (n + log n + 1 + f —^—- dt. 

' ' 1 2t 2 

So 


1 ° E („ n+ V=e-'') ‘ 1 + { 


dt. 


2t 


(c) Since f 2 is periodic, it is bounded. Thus / (t)/2t 2 dt exists since 

1 ^ 

“ 2 » 

/ 1/t dt exists. Let p = 1 + / (t)/2t 2 dt. Then 


loS ( n+1/2 -n) ~ P f 

\n / e / n 


^o(t) 


dt 


2t 


= log a - f 


* 2 (t) 


dt. 


n 2t 


so 
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dt. 


(d) Part (c) implies that 


0 = lim J 

n—oo n 


♦o(t) 


2t 


dt = lim loi 


g(- 


n’ 


. n+1/2 

n— oo Vin ' e 


=)■ 


so 


lim 
n— oo 


nj 


n+1/2 -n 
an ' e 


= 1. 


Thus 


lim — 
n—oo a n 


lull 


2n+l -2n 


= 1, 


lim 

n—oo 


Lgsll 

, „ ,2n+l/2 -2n 
a(2n) 7 e 


= 1, 


so 


Vrr = lim 


n-*oo 

= lim 

n—oo 


fm) g a 2 " 

< 2n > : ' VK 

2 2n+l -2n 0 2n 
an e 2 _ 

7T ,2n+i/2 -2n /— 
a(2n) / e </n 


= a 


lim 
n -♦oo 


n 2"+l/ 2 a 2n 

2 2n H n 2n+1 /2 ^ 


a 

a/2* 
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(e) 0 2 (0) = 0 2 (1) = b 2 = 1/6. If 0 = 0 2 '(x) = 2x - 1, then x = 1/2, and 

*^2^ = So 1/12 < 10 2 (x) | <[ 1/6 for x in [0, 1], Prom part 

(c) we have 

which yields the desired result. 
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1. It is clear that a + b = b + a, since the table for + is symmetric. Clearly 
a + 0 = a for all a, and condition 2(ii) is satisfied because each row in the 
table contains 0. To check that (a + b) + c = a + (b + c) it suffices to 

consider only cases where a, b, c / 0. Because x + y = y + x, this equation 

clearly holds when a = c. This leaves the cases 

(1 + b) + 2 = 1 + (b + 2), 

(2 + b) + 1 = 2 + (b + 1), 

which are equivalent to each other, either of which can be checked by letting 

b = 1 and 2. Conditions (4)-(6) are checked similarly. Finally, (7) is 

clear if a = 0 or 1. For a = 2 we can assume b, c / 0 and the condition is 

clear if b = c = 1. This leaves only the cases a=2,b=2, c=2 and 

a = 2 , b = 1. c=2 and a = 2, b = 2, c = 1, the last two being equivalent. 

2 

F cannot be made into an ordered field because 1 = 1 would have to 
be positive, but 1 + 1 + 1 = 0. 

2. F will not be a field because we will have 2*2 = 0. 

3. As in Problem 1, conditions (2), (3), (5), and (6) are clear. Condition (1) 

can be checked case-by-case. To check (5) we can assume that a, b, c / 0, 1. 
This leaves only the cases (a-P)-a = (a-p)-a and (a*p)*p = a*(P*P). 
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4. (a) a + a = a-(l + 1) = a-0 = 0. 


(b) 0 = a^-O = a _1 (a + a) =1 + 1. 


5. (a) The assertion is obvious when n = 1. Suppose it is true for n. Then 

(1 + ... + 1).(1 + ... + 1 ) = (1 + ... + !)•([! + ... + 1 ] + 1 ) 


m times (n + 1) times m times n times 

=( 1 +... + 1 )•(!+... + 1 ) + (1 + ... + 1 ) 


m times 


n times 


m times 



mn times 


mn + m = m(n + 1) 
times. 


(b) If m were not prime, ho that m = ki for some k, i < m, then 
0 = (1 + ... + 1) = (1 + ... + 1)•(1 + ... + 1) = a-b. 


m=ki times 


k times 


i times 


Therefore either a = 0 or b = 0, contradicting the assumption about m. 


6. (a) If this were not true, then F would have infinitely many distinct 
elements, namely, those of the form 
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1 + . . . + 1 


n times 


for all n. 


(b) Suppose m > n. Then 

1 + ... + 1 = (1 + ... + 1 ) - (1 + ... + 1 ) = 0 . 


m-n times 


m times 


n times 


7. The solutions are 

_ ad - ftfr 
x ~ ad - be’ 

ac - Pa 
y ” be - ad* 


8. (a) One, namely 0, 

(b) Of course, a might not have any square roots at all (for example, if 
F = R and a = -1). But if a has one square root b, then it also has 
the square root -b; moreover, if c = a = b , then (c-b)(c+b) =0, 
so c = b or c = -b. Consequently b and -b are the only square roots; 
these are distinct precisely when 1+1/0. 


9. (a) 


is a straightforward check. 
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(b) In part (a), the symbol 2 means 1 + 1, which is 0 in F 2 ; the solution 
in part (a) is correct only if 1 + 1 / 0 . 

10. (a) Most conditions require only a straightforward check. To verify 5(ii), 
note that if (x, y) / 0, so that x / 0 and y / 0 , then x 2 - ay 2 / 0 , 
since a does not have a square root. Then 



(b) is a straightforward check. 

(c) ( 0 , 1 ) is a square root of a. 

11. (a) The inverse of (a^, a 2 , a^, a^) is 

_ tl, _ tl, M 

y ’ ~ y ’ ~ y ’ ~ y / 

2 2 2 2 
where 7 = a^^ + a 2 + a^ + . 

(b) Each entry in the following table is the product a*b where a is on the 
left and b is above. 

i j k 

i 

J 

k 





CALCULUS 


401 


[If we denote 1, i, j, and k by v^, v^, v^, then the definition of 
multiplication can be written 


(iv.Xi 


i,j=i 


a i b j< v i v j>- 


This allows a simpler proof that multiplication is associative, by 
first checking that it is associative for + 1, + i, + j, + k.] 
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1. (a) f(0) = f(0 + 0) = f(0) + f(0), so f(0) = 0. Since f is an isomorphism 

and 0/1, it follows that f(l) / 0. Consequently, the equation f(l) 

= f(l-l) = f(l)*f(l) implies that f(l) = 1. 

(b) 0 = f(0) = f(a + -a) = f(a) + f(-a), so f(-a) = -f(a). Similarly, 

1 = f(l) = f(a*a"' L ) = f(a)*f(a - ^), so f(a _1 ) = f(a) -1 . 

p 

2 . As an example, a proof for (a) will be given. If a +1=0 for some a in 

F ± , then by Problem 1, 0.= f(0) = f(a 2 + 1) = f(a-a) + f(l) = f(a) 2 + 1, so 

2 

f(a) is a solution of the equation x + 1 = 0 in F^. 

3. (1) If x / y, then f(x) / f(y), so g(f(x)) / g(f(y)), so (gof)(x) / (gof)(y). 

(2) If z is in F^, then z = g(y) for some y in Fg, and y = f(x) for some x 

in F^. Then z = (gof)(x). 

(3) 

(gof)(x + y) = g(f(x + y)) = g(f(x) + f(y)) = g(f(x)) + g(f(y)) 

= (gof)(x) + (gof)(y), 

(g°f)(x*y) = g(f(x*y)) = g(f(x)•f(y)) = g(f(x))•g(f(y)) 

= (g°f)( x )•(gof)(y). 

(4) If x < y, then f(x) < f(y), so g(f(x)) < g(f(y)), i.e., (gof)(x) 

< (gof)(y). 
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-1 -1 

4. g~ of is an isomorphism from R to R , so g of = I, so g = f. 

o 2 

5. Let f(x + iy) = x - iy. [Since i = -1 we must have f(i) - f(-1) = -1, so 
f(i) = i or -i, which suggests the answer. This particular isomorphism is 
the only one, aside from the identity, which any one can write down, but 
there are actually infinitely many others. This is one of those facts which 
requires, aside from a knowledge of algebra, some of the sophisticated 
theorems from set theory which will be found in references [8] and [ 9 ] of the 
Suggested Reading.] 
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